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Abstract 

We consider a crossed product of a unital simple separable nuclear stably finite in- 
stable C* -algebra A by a strongly outer cocycle action of a discrete countable amenable 
group r. Under the assumption that A has finitely many extremal tracial states and 
r is elementary amenable, we show that the twisted crossed product C7*-algebra is 
Z-stable. As an application, we also prove that all strongly outer cocycle actions 
of the Klein bottle group on Z are cocycle conjugate to each other. This is the 
first classification result for actions of non-abelian infinite groups on stably finite C*- 
algebras. 

1 Introduction 

This is a continuation of our previous paper [27J studying ^-stability of crossed product 
C*-algebras and classification of group actions on Z. Here Z denotes the Jiang-Su algebra 
introduced by X. Jiang and H. Su in and a unital C*-algebra A is said to be iJ-stable 
if A is isomorphic to A Z. In Elliott's program to classify nuclear C*-algebras via K- 
theoretic invariants (see [34J for an introduction to this subject), the Jiang-Su algebra Z 
has recently become to play a central role. In fact, all unital simple separable nuclear 
C*-algebras classified so far by their Elliott invariants are ^-stable. Also, instability is 
known to be closely related to other regularity properties, such as finite nuclear dimension, 
strict comparison of positive elements and the property (SI) (see [351 SSI HE])- We refer 
the reader to [36, 45 for several characterizations of Z. 

In the first half of the paper, we study Z-stability of crossed products arising from 
strongly outer cocycle actions of discrete countable groups. Let A be a unital, simple, 
separable, nuclear, stably finite, ^-stable C*-algebra with finitely many extremal tracial 
states. Let (a, u) : V rx A be a cocycle action of a discrete group T (see Definition 
I2.ip . We say that (a,u) is strongly outer when its extension to the weak closure in any 
tracial representation is outer (see Definition 12.51 for the precise definition). In this setting, 
we prove that if V is elementary amenable and (a, u) is strongly outer, then the twisted 
crossed product A X( ajn ) Y is Z-stable (Corollary 14. . In our previous paper [27], we 
had to make extra hypotheses on the C* -algebra A and on the group T in order to deduce 
the weak Rohlin property (see Definition I2.5|) from strong outerness. The hypothesis on 
A was necessary to replace central sequences in the sense of von Neumann algebras with 
central sequences in the sense of C*-algebras. In this paper, we have removed it by using 
amenability of nuclear C*-algebras proved by U. Haagerup [7] (see Proposition 13.5ft . As 
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for the group T, we dealt with only Z and finite groups in the previous paper. Now 
we extend our arguments to all elementary amenable groups by showing that they admit 
outer actions on the hyperfinite Ili-factor with a 'nice' Rohlin property (see Definition 12.41 
and Proposition 13. 3p . In order to prove instability of crossed products, we need one more 
ingredient, namely the property (SI). In [28], we have already shown that ^-stability 
of A implies the property (SI) (Theorem I2.8|) . Furthermore, by using the weak Rohlin 
property of (a,u), we will prove that A satisfies an a-equivariant version of the property 
(SI) (Proposition I4.5[) . Together with an exact sequence of central sequence algebras 
(Theorem 14. 3h . this allows us to conclude that A X( a ,Ti) T is instable. 

In Section 5, we will also show that if a unital separable nuclear C*-algebra A is not 
of type I, then the central sequence algebra has a subquotient which is isomorphic to a 
Ill-factor (Theorem 15. ip . This may be thought of as an analogue of Glimm's theorem. 

In the latter half of the paper, we study cocycle actions of the Klein bottle group on 
UHF algebras and the Jiang-Su algebra. The Klein bottle group is the group generated by 
two elements a,b satisfying bab" 1 = a -1 , and is isomorphic to the fundamental group of 
the Klein bottle. Classification of group actions is one of the most fundamental subjects 
in the theory of operator algebras. We briefly review classification results of automor- 
phisms or group actions on simple stably finite C*-algebras known so far. For AF and 
AT algebras, A. Kishimoto [151 [TBI [T7] showed the Rohlin property for a certain class 
of automorphisms and obtained a cocycle conjugacy result. The first-named author [24] 
extended this result to unital simple AH algebras with real rank zero and slow dimension 
growth. The second-named author [38J proved that strongly outer Z-actions on Z are 
unique up to strong cocycle conjugacy. T. Katsura and the first-named author [T2] gave a 
complete classification of strongly outer Z 2 -actions on UHF algebras by using the Rohlin 
property, and then this result was extended to a certain class of strongly outer Z 2 -actions 
on unital simple AF algebras |24| . The uniqueness of strongly outer Z^-actions on UHF 
algebras of infinite type was obtained in [26] . In our previous paper [27], we proved that 
strongly outer Z 2 -actions on Z are unique up to strong cocycle conjugacy. 

In the present paper, we first show that strongly outer cocycle actions of the Klein 
bottle group on UHF algebras are unique up to cocycle conjugacy (Theorem 16. 16j) . The 
proof is along the same lines as the proof of [241 Theorem 6.6], but we need to look at 
the Order Ext invariant carefully and to check that it always vanishes, unlike the case 
of Z 2 -actions. Then we establish a cohomology vanishing type result for cocycle actions 
of the Klein bottle group on the Jiang-Su algebra Z (Proposition I7.7p . The Z-stability 
theorem proved in the first half of the paper plays an essential role. Finally, by using this 
cohomology vanishing, we obtain the uniqueness of strongly outer cocycle actions of the 
Klein bottle group on Z (Theorem 17. 12p . The uniqueness up to strong cocycle conjugacy 
of strongly outer actions is also given (Theorem I7.15P . These are the first classification 
results of (cocycle) actions of non-abelian infinite groups on C*-algebras. 
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2 Preliminaries 



2.1 Notations 

Let A be a C*-algebra. For a, b E A, we mean by [a, b] the commutator ab — ba. The set 
of tracial states on A is denoted by T{A). For a £ A, we define 

II II / * \l/2 

M o- M 2 = sup T{a a) ' 

reT(A) 

If A is simple and T{A) is non-empty, then ||-||2 is a norm. For r E ^(A), we let (tt t ,H t ) 
denote the GNS representation of A associated with r. For r E T(A), the dimension 
function d T associated with r is given by 

d T (a) = lim r(a 1 / n ), 

n— »oo 

for a positive element a E A 

When A is unital, we mean by U(A) the set of all unitaries in A. For u E £^(A), the 
inner automorphism induced by u is written Adu. An automorphism a E Aut(A) is called 
outer, when it is not inner. For a E Aut(A), the fixed point subalgebra {a E A \ a(a) = a} 
is written A a . We let T(A) a = {r E T(^4) | r o a = r}. A single automorphism is often 
identified with a Z-action generated by it. 

Let A be a separable C*-algebra and let uj E f3N \ N be a free ultrafilter. Set 



co(A) = {(an) E ^(N,^) | lim ||a n || = 0}, A°° = €°°(N, A)/cq(A), 

n— >oo 

c u (A) = {(a n ) E ^°°(N, vl) | lim ||a n || = 0}, A w = £°°(N, A)/c^(A). 

n— >a; 

We identify A with the C*-subalgebra of A°° (resp. A 10 ) consisting of equivalence classes 
of constant sequences. We let 

A 00 = A 00 n A', Au = A" n A' 

and call them the central sequence algebras of A. A sequence (x n ) n E ^°°(N, A) is called 
a central sequence if \\[a, x n ]\\ — > as n — > oo for all a E A. A central sequence is a 
representative of an element in A^. An w-central sequence is defined in a similar way. 
For r E T(A), we define t w E T(A w ) by 

t u (x) = lim r(x n ), 

n— >w 

where (x n ) n is a representative sequence of x E A". When a is an automorphism of A, 
we can consider its natural extension on A°° , A", and A u . We denote it by the same 
symbol a. 

We let Z denote the Jiang-Su algebra introduced by X. Jiang and H. Su [TT]. They 
proved that any unital endomorphisms of Z are approximately inner and that Z is isomor- 
phic to the infinite tensor product of its replicas. In particular, Z is strongly self-absorbing, 
cf. |43j . When a C*-algebra A satisfies A = A ® Z, we say that A absorbs Z tensorially, 
or A is 2-stable. 
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2.2 Group actions and cocycle conjugacy 

We set up some terminologies for group actions. For a discrete group T, the neutral 
element is denoted by 1 £ T. 

Definition 2.1. Let A be a unital C*-algebra and let T be a discrete group. 

(1) A pair (a,u) of a map a : T — > Aut(j4) and a map u : T x T — > U(A) is called a 
cocycle action of T on A if 

a g oa h = Ad u(g, h) o a gh 

and 

u(g, h)u(gh, k) = a g (u(h, k))u(g, hk) 

hold for any g,h,k £ T. We always assume a± = id, u(g, 1) = n(l,^) = 1 for all 
g £ r. We denote the cocycle action by (a, u) : T rx A. Notice that a gives rise to 
a (genuine) action of T on Aoo and . 

(2) A cocycle action (a, u) is said to be outer if a g is outer for every g S T except for 
the neutral element. 

(3) Two cocycle actions (a, u) : T r\ A and (/3, v) : T rx B are said to be cocycle 
conjugate if there exist a family of unitaries (w g ) g ^r in B and an isomorphism 
8 : A^ B such that 

6 o a g o = Ad u> 9 o /3 g 

and 

0(u(g,h)) = w g (3 g (w h )v{g,h)w* gh 

for every g,h £ T. Furthermore, when there exists a sequence {x n ) n of unitaries in 
B such that x n j3 g {x* n ) — > w g as n — > oo for every g G T, we say that (a, u) and 
are strongly cocycle conjugate. 

(4) Let a : T rx A be an action. The fixed point subalgebra {a £ i | a g {a) = a \/g £ T} 
is written A a . 

(5) Let a : T rx A be an action. A family of unitaries (x 9 ) 9e r hi A is called an a-cocycle 
if one has x g a g (xh) = x g h for all g,h E T. 

Definition 2.2 ([33, Definition 2.4]). Let (a, u) : T rx A be a cocycle action of a discrete 
group T on a unital C*-algebra A. The twisted crossed product A x f a>u \ T is the universal 
C*-algebra generated by A and a family of unitaries (A°) 9g r satisfying 

X g \h = u(g,h)X^ h and X g a\g* = a g (a) 

for all g, h E T and a £ A. 

If two cocycle actions (a, u) : T rx A and (/3, u) : V rx B are cocycle conjugate, 
then A X( Q U ) T and -B ><(/?,„) T are canonically isomorphic. Conversely, if there exists an 
isomorphism 6 : A xi r ajU \ T — > B x ^ v ) T satisfying 

0(A) = B and 0(A£)(A^)* £B VjGT, 

then it is easy to check that (a, u) and (/3, v) are cocycle conjugate. When T is amenable, 
^4 r is naturally isomorphic to the reduced twisted crossed product ([331 Theorem 

3.11]).' 
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2.3 The weak Rohlin property 

We recall the definitions of amenable groups and of elementary amenable groups (in the 
sense of M. M. Day [5]). The cardinality of a set F is written \F\. 

Definition 2.3. Let T be a countable discrete group. 

(1) For a finite subset F C T and e > 0, we say that a finite subset K C T is (F, e)- 
invariant if \K n f] geF g' 1 K\ > (l-e)|iif|. 

(2) The group T is said to be amenable if for any finite subset F C T and e > there 
exists an (F, e)-invariant finite subset K C T. 

(3) The class of elementary amenable groups is defined as the smallest family of groups 
containing all finite groups and all abelian groups, and closed under the processes of 
taking subgroups, quotients, group extensions and increasing unions. 

For countable discrete amenable groups, we introduce the property (Q) as follows. 

Definition 2.4. Let T be a countable discrete amenable group and let a : T rx R be an 
outer action on the AFD Ili-factor R. We say that T has the property (Q) if the following 
holds: For any finite subset F <ZT and e > 0, there exists an (F, e)-invariant finite subset 
K C T and a sequence of projections {p n ) n in R such that 



g&K 



and ||kp n ]|| 2 -»• Vx e R 



as n — > oo. 



The definition above does not depend on the choice of the outer action a : T rx R, 
because all outer actions of T on R are mutually cocycle conjugate ([U H3J [301 E3]). In 
Proposition 13.31 it will be shown that any elementary amenable group has the property 
(Q). 

Next we introduce the notions of strong outerness, the weak Rohlin property and the 
tracial Rohlin property for group actions on C*-algebras. 

Definition 2.5 ([271 Definition 2.7]). Let i be a unital simple C*-algebra with T(A) 
non-empty and let T be a discrete countable amenable group. 

(1) We say that an automorphism a £ Aut(^4) is not weakly inner for r G T(A) a if the 
weak extension of a to an automorphism of ir T (A)" is outer. 

(2) A cocycle action (a, u) of T on A is said to be strongly outer if a g is not weakly 
inner for any r G T(A) ag and g G T \ {e}. 

(3) We say that a cocycle action (a, u) : T rx A has the weak Rohlin property if for any 
finite subset F GT and e > there exist an (F, e)-invariant finite subset K C T and 
a central sequence (f n )n in A such that < f n < 1, 

lim \\a g (f n )a h (f n )\\ = 
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for all g,h G K with g ^ h and 

lim max |r(/ n ) — li^l^ 1 ! = 0. 

n^oo re r(A) 

When G = Z, in addition to the conditions above, we further impose the restriction 
that K is of the form {0, 1, . . . , k} for some k G N. 

(4) Let A be a unital simple C*-algebra with tracial rank zero. We say that a cocycle 
action (a, u) : T rx A has the tracial Rohlin property if the central sequence (f n )n 
in the definition above can be chosen as a central sequence consisting of projections. 

We remark that the definition of the tracial Rohlin property which we have introduced 
here is slightly stronger than that given in |31|. [32] 

2.4 The property (SI) 

We give the definition of the property (SI) which plays an important role in Section 4. 

Definition 2.6 ( \27\ Definition 4.1]). We say that a separable C*-algebra A has the 
property (SI) when for any central sequences (x n ) n and (y n )n 

in A satisfying x n < i, 

< Vn < 1, 

lim max r(x n ) = and inf liminf min r(y™) > 0, 

n^oo t£T(A) mSN n->oo r£T(A) 

there exists a central sequence (s n ) n in A such that 

lim || s*s n — x n || =0 and lim H^n^n — s n \\ = 0. 

n— >-oo n— >oo 

Remark 2.7. The property (SI) introduced in the definition above can be reformulated 
in terms of w-central sequences. Namely, A has the property (SI) if and only if for any 
w-central sequences (x n ) n and (y n )n of positive contractions in A satisfying 

lim max r(x n ) = and inf lim min t(v™) > 0, 

n^Lj T £T(A) m6Nn->u T eT(yl) 

there exists an w-central sequence (s n )n in A such that 

lim ||s*s n — x n \\ = and lim ||y n s ra — s n \\ = 0. 

n— >ui n— >ui 

Indeed, these two formulations are both equivalent to the following condition: for any 
finite subset F C A, e > and c > 0, there exist a finite subset G C A, 5 > and m G N 
such that the following holds. If positive contractions x, y £ A satisfy 

||[x,o]|| <<5, \\[y,a]\\ <8 Va G G, 

max t(x) < 5 and min T(y m ) > c, 

tST(A) ^ ^ r£T(A) ^ ^ 

then one can find s G A such that 

||[s,o]||<e Va G F, ||s*s — x|| < e and ||ys — s|| < e. 
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In [27\ Lemma 4.3], we proved that certain iJ-stable C*-algebras have the property 
(SI). Recently we have generalized this result and obtained the following (|28J). 

Theorem 2.8 ( \2S\ Theorem 1.1, Theorem 4.2]). Let A be a unital, simple, separable, 
nuclear, stably finite, infinite dimensional C* -algebra. 

(1) If A is Z -stable, then A has the property (SI). 

(2) Assume further that A has finitely many extremal tracial states. If A has the property 
(SI), then A is Z -stable. 

In Section 4, we will give a slightly different proof of (2) of Theorem 12.81 (Theorem 

USD- 

2.5 Approximate representability of cocycle actions 

In this subsection, we collect notations and terminologies which will be used in Section 6 
and Section 7. 

For a Lipschitz continuous function /, we denote its Lipschitz constant by Lip(/). 
Let A be a unital C*-algebra. The collection of all continuous bounded affine maps 
from T(A) to K is denoted by Aff(T(A)). The dimension map 

D A : K (A) -> A$(T(A)) 

is defined by Da([p]){t) = r(p). The connected component of the identity in U(A) is 
denoted by U(A)q. For r G T(A), the de la Harpe-Skandalis determinant ([8]) associated 
with t is written 

A r : U(A) -> M/t(K (A)). 

We let log be the standard branch defined on the complement of the negative real axis. If 
\\u— 1|| < 2, then A T (u) = (2it\J— l) _1 T(log u)+t{Kq{A)). We frequently use the following 
fact: when u, v G U(A) satisfy ||it— l|| + ||t> — 1|| < 2, one has r(log(w)) = r(log u)+r(log v) 
for any r G T{A) (see [U Lemma 1]). 

For a homomorphism ip between C*-algebras, Ko(ip) and Ki(tp) are the induced homo- 
morphisms on X-groups. Let A and B be unital C*-algebras. Two unital homomorphisms 
ip, if) : A — )• B are said to be asymptotically unitarily equivalent if there exists a continuous 
family of unitaries (itt)te[o,oo) m B such that 

<p(a) = lim Ad Ut(tp (a)) 

t— >oo 

for all a G A. When there exists a sequence of unitaries (it n )neN m B such that 

(p(a) = lim Adu n (ip(a)) 

for all a G A, <p and ip are said to be approximately unitarily equivalent. If <p and i/j are 
approximately unitarily equivalent, then Ki(ip) = Ki(ip) for £ = 0,1. An automorphism 
a G Aut(.A) is said to be asymptotically (resp. approximately) inner if a is asymptotically 
(resp. approximately) unitarily equivalent to the identity map. As usual, we denote by 
Inn(^4) the set of all approximately inner automorphisms of A. Evidently Inn(A) is a 
normal subgroup of Aut(-A). 
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Let (f G Aut(.A) be an automorphism of a unital C*-algebra A. The implementing uni- 
tary in the crossed product C*-algebra A x^Z is written A^. The set of all automorphisms 
-0 G Aut(A Z) satisfying -0(^4) = -4 and rp(X' fi )X' p * G ^4 is denoted by Aut T (A x^ Z) 
(similar definitions are found in [9l Section 2] and [261 Section 2]). An automorphism 
tp G Autir(^4 x v Z) is said to be T-asymptotically inner if there exists a continuous family 
of unitaries («t)tg[o,oo) m A such that 

ip(x) = lim Ad«t(x) 

t— >oo 

for all x G ^4 x^ Z. In an analogous way, one can define T-approximate innerness. 

Next, we recall the notion of approximate (resp. asymptotical) representability of 
group actions. 

Definition 2.9 ([.9, Definition 2.2]). Let T be a countable discrete group and let A be 
a unital C*-algebra. A cocycle action (a, u) : V rx A is said to be approximately repre- 
sentable if there exists a family of unitaries (v g ) g ^r i n ^4°° such that 

VgVh = u(g, h)v gh , a g (v h ) = u(g, h^ghg" 1 , g)*v ghg -i 

and 

v g xv* = a g (x) 

hold for all g, h G T and x G A. 

Asymptotical representability is defined in an analogous way. 

It is routine to check that approximate (resp. asymptotical) representability is pre- 
served under cocycle conjugacy. 

The following proposition lists non-trivial examples of strongly outer, asymptotically 
representable actions on stably finite C*-algebras. 

Proposition 2.10. Let a : T rx A be a strongly outer action. Assume that one of the 
following conditions holds. 

(1) r = Z, a g is asymptotically inner for every non-trivial g G Z, and A is a unital 
simple AH algebra with real rank zero, slow dimension growth and finitely many 
extremal tracial states. 

(2) r = Z N and A is a UHF algebra of infinite type. 

(3) r = Z and A is the Jiang-Su algebra. 

(4) r = Z 2 and A is the Jiang-Su algebra. 
Then a : T rx A is asymptotically representable. 

Proof. (1) follows from [24^ Theorem 4.8, 4.9], because one can easily construct a strongly 
outer, asymptotically representable action of Z on A. (2) follows from [26\ Theorem 3.4, 
4.5]. (3) follows from [371 Theorem 1.2] and [38} Theorem 1.3], because one can easily 
construct a strongly outer, asymptotically representable action of Z on Z. In a similar 
fashion, (4) follows from [27l Theorem 7.9]. □ 
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3 The weak Rohlin property 



In this section we prove Theorem l3.6l and Theorem 13. 71 See Definition 12 . 41 for the definition 
of the property (Q). 

Lemma 3.1. (1) The group of integers Z has the property (Q). 

(2) Any finite group has the property (Q). 

(3) IfT = |J n r n is an increasing union of countable discrete amenable groups T n with 
the property (Q), then V also has the property (Q). 

(4) If 1 — > N — > r — > H — > 1 is a short exact sequence of countable discrete amenable 
groups and N,H have the property (Q), then V also has the property (Q). 

(5) Any countable abelian group has the property (Q). 

Proof. (1) follows from [4] and (2) follows from [13]. (3) is obvious. (5) is an immediate 
consequence of the other assertions, because any countable abelian group is an increasing 
union of finitely generated abelian groups. 

It remains for us to show (4). Let N and H be countable discrete amenable groups 
with the property (Q) and let 1 — > N — > T — > H — !• 1 be a short exact sequence. Let 
7r : r — > H be the quotient map and let a : H — > T be its right inverse. Let a : T rx R 
be an outer action of T on the AFD Ili-factor R and let f5 : H rx R be an outer action 
of H on R. Suppose that we are given a finite subset F C T and e > 0. Without loss of 
generality, we may assume that there exist finite subsets Fi C N and F2 C H such that 
F = F\ U a(F2). Since H has the property (Q), we can find an (i^, e/2)-invariant finite 
subset K2 C H and a sequence of projections (q n ) n in R satisfying 



1 - ^(Qn) 

heK 2 



and ||[x,g„]||2 -> VxGfl. 



Define a finite subset F± C N by 

Fx = {0(h)- 1 ga(h) \ h G K 2 , g € Fi} U {a(/i 2 /ii) _ 1 a{h 2 )a{h l ) \ hi £ K 2 , h 2 G F 2 }. 

Since N has the property (Q), we can find an (iq, e/2)-invariant finite subset K\ C N 
and a sequence of projections (p n )n m R satisfying 



1 ~ ^2 OL 9 ( yVn 



and ||[x,p„]|| 2 -»■ Vx G R. 



Put K = {a(h)g G T \ g G Ki, h G K 2 }. For any t G Fi, h G iT 2 and 3 G iTi D 

tcr(/l)c/ = cr(/l)cj(/l) _1 tcr(/l)5 G if. 
Also, for any t G F 2 , /i G K 2 n n s eF 2 s_1 ^2 and 5 G if 1 Pi fl s eFi s ~ l Ki, one has 

a(t)a(h)g = a^aith^a^a^g G K 
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Hence 



> 



K 2 n p| s- x K 2 



seFi 



> (l-e/2)\K 2 \ ■ (1-8/2)1^1 > (l-e)\K\ 



thus K is (F, e)-invariant. 

Define an outer action 7 : T a R®R by 7 S = a s ® P^u) f° r s € T. It is easy to see 



lim ||[a;,p n ® (jUL = \/x e R®R 

n— >oo 



and 



lim 

n— >oc 



lim 

n— »oo 



lim 

n— >oo 



X] 7<r(fc)( a *(Pn)®*»/ 



1 - ^ l§ft(g„ 



which completes the proof. 



□ 



Remark 3.2. Let iV be a countable discrete amenable group with the property (Q) and 
let 1 — > N — > T — > Z — )• 1 be a short exact sequence. Thus, T is isomorphic to a semidirect 
product N x Z. Letting a € Z denote a generator, we write T = {ga l \ g £ N, i £ Z}. 
From the lemma above, T has the property (Q). Moreover, its proof tells us that the 
'invariant' set in T can be chosen of the form {gd 1 \ g E K, < i < k— 1}, where K C N is 
an 'invariant' set. More precisely, we get the following. Let a : T r\ R be an outer action 
of r on the hyperfinite IL-factor R. Then, for any finite subset F C N, e > and k G N, 
there exists an (F, e)-invariant finite subset K C N and a sequence (p n )n of projections 
in i? such that 



fc-i 



g£K i=0 



and ||[x,p n ]|| 2 -»• \/x £ R 



as re 



00. 



Proposition 3.3. Every countable discrete elementary amenable group has the property 

(Q)- 



Proof. This follows from the lemma above and [21 Proposition 2.2 (b)]. 



□ 



In order to state and prove Proposition 13.51 below, we need to recall U. Haagerup's 
result Theorem 3.1], which says that any nuclear C*-algebra has a virtual diagonal in 
the sense of [12J. In particular, any nuclear C*-algebra is amenable. Here we quote the 
following theorem from [6], which is an interpretation of [7, Theorem 3.1]. See also [191 
Lemma 4.2]. 
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Theorem 3.4 ([HI Theorem 2.1]). Let A be a unital nuclear C* -algebra. For any finite 
subset F C A and e > 0, there exist w\, W2, ■ ■ ■ , w m G A such that 



WiW i 

i=l 



1 and 



awixw* 

i=i 



Wixw*a 

i=l 



< e\\x\\ Va G F, x G A 



The following is a variant of [39, Lemma 2.1]. We include the proof for completeness. 

Proposition 3.5. Let A be a unital nuclear C* -algebra. For any finite subset F C A and 
e > 0, there exist a finite subset G C A and 5 > such that the following hold. If x G A 
is a positive element such that 

\\x\\ < 1 and \\[x,a]\\2 < 5 Va G G, 

then there exists a positive element y G A such that 

\\y\\ < 1, \\x — y||2 < £ and \\[y,a]\\<e Va G F. 

Proof. By applying the theorem above to F C A and e > 0, we get G = {wx,W2, ■ ■ ■ , w m } C 
A. Let 5 = e/m. Suppose that x G A is a positive contraction satisfying ||[ar, Wj][|2 < S for 
any itfj G G. Put y = ^ Wixw*. Clearly 



< y < ^2 WiW i 



1 and \\x — y\i < mb = e. 



Furthermore, for any a G F, 

II l». «] 11 = 



E 

i=l 



auijXWj 



u>iXW*a 

i=i 



< el xl < e. 



□ 



We are now ready to show the equivalence of strong outerness and the weak Rohlin 
property (see Definition 12.51 for the definitions) for cocycle actions of groups with the 
property (Q). 

Theorem 3.6. Let A be a unital, simple, separable, nuclear, stably finite, infinite di- 
mensional C* -algebra with finitely many extremal tracial states and let T be a countable 
discrete amenable group with the property (Q). For a cocycle action (a,u) ofT on A, the 
following conditions are equivalent. 

(1) (a, u) is strongly outer. 

(2) (a, u) has the weak Rohlin property. 

Proof. The implication (2)=^(1) was proved in \27\ Remark 2.8]. We show the other 
implication. Suppose that (a, u) : T r\ A is strongly outer. Let E be the set of extremal 
tracial states on A. For r G E, it is well-known that ir T (A)" is the AFD Ili-factor. Set 
vr = rg£; 7r T and M = n(A)" = reS 7r T (A)". We identify A with ir(A) and omit it. 
The cocycle action (a,u) on A naturally extends to the cocycle action (a,u) on M. Note 
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that, for a bounded sequence (x n ) n in M, x n converges to zero in the strong operator 
topology if and only if ||x n ||2 converges to zero. 

Suppose that we are given a finite subset F C T and e > 0. Let R be the AFD 
Ill-factor and let 7 : T r\ R be an outer action. Since T has the property (Q), there exist 
an (F, e)-invariant finite subset K C Y and a sequence of projections (p n )„ in R such that 



1 " J^7g(Pn) 



and ||[s,pn]||a -> Vx G i? 



as n — > 00. 

First, we would like to show that there exists a sequence of projections (q n ) n in M 
such that 

||[z,?n]||2 0, [|a s (g n )a/i(gn)[|2 -> and r(q n ) ^ l/\K\ 
for all x £ M, g,h € K with g ^ h and r G T(M) as n — ?■ 00. The cocycle action a 
induces an action of T on the set of minimal central projections in M. For each T-orbit 
we choose and fix a minimal central projection. Let Eq denote the set of such projections. 
There exist finite subsets H e C T for each e £ Eq such that 



Put r e = {g G T I a g {e) 



X X a/i ^ e ) = L 

e}. Then r e is a subgroup of T and 

r= |J hv e 



heH e 



holds for every e G Eq. Let (a e ,-u e ) be the restriction of (a,u) to T e and Me, i.e. a| = 
a g |Me, u e (g,h) = u(g,h)e for g,h G r e . Since (a, it) is strongly outer, the cocycle action 
(a e ,u e ) of T e on Me is outer. Likewise, we let 7 e denote the restriction of 7 : T R to 

a e , ii e ) is cocycle 
-)■ Me and 



r e . It follows from [30|. Chapter 1] (see also [23, Theorem 2.3]) that ( 
conjugate to (a e <%> 7 e ,u e <X> 1). Hence, there exist an isomorphism 7r e : Me®R 
a family of unitaries (^) s er e m Me such that 

AAv e g oa g = vr e o (a e g ®"/ e g ) ovr^ 1 V5 G T e . 

We define an isomorphism 7r : M®R — > M by 

7r((a h (g> 7ft)0*0) = a/iOeO)) Vx G Me®R, h G ff e . 

Let </ n = 7r(l We would like to show \\a g (q n ) — 7r(l 7 9 (pn))||2 — > for every g G T 

as ra — >• 00. Once this is done, it is evident that (q n ) n is the desired sequence of projections. 
We have 



7r(l ®p r , 



eS-Eo ^6^< 



7r(a fe (e) <g>p n ) 



XI X 7r ((^®7/ l )(e®7 h 1 (Pn))) 

eS-Eo /iSife 

X X «ft( 7r e(e®7ft 1 (Pn)))- 



e£_E ft6H e 
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Take <? G T. For each h G H e there exists k G H e such that g/i G fcr e , and the map h >-> k 
is a bijection. Then one can verify 

lim \\a g (a h (TT e (e <g> T/T 1 (Pn)))) - 7r(«fc(e) ® 7g(Pn))||2 

n— »oo 

= lim ||a fe (a fc -i 9h (vr e (e ® Tfc 1 ^)))) - K"(afc( e ) 8) 7g0?n))||2 

= lim \\a k (7r e {(a k -i gh J k -i gh ){e <g) 7ft 1 (Pn)))) ~ 7r("fc(e) <8> 7g(Pn))l|2 

= lim ||a fe (7r e (e ® 1 k -i„(p n )) - vr(a fc (e) (8) 7g(Pn))||2 = 0. 

Therefore we get 

lim \\a g (q n ) - 7r(l 8) 7 s (Pn))||2 

n— »oo 



lim 

n— >oo 



lim 

n— »oo 



X] X a a( a h{Ke{e®l h l {Pn)))) -7T(l®7fl(Pn)) 



X X ^("fcO 3 ) ® 7ff(Pn)) - tt(1 8> 7ff(Pn)) 

eS-Eo fc6i?e 



0. 



By Kaplansky's density theorem, we may replace (q n )n with a sequence (x n ) n of pos- 
itive contractions in A. Thanks to Proposition 13.51 we can further replace (x n ) n with a 
sequence (y n ) n of positive contractions in A satisfying 



[a, y r , 



0. 



\a g (y n )ah(y. 



n 2 



and r(y n )-H/\K\ 



for all a G A, <?, /t € K with g ^ h and r £ as n — > oo. Finally, by the same way as 

[27] Proposition 3.3], we obtain a sequence (z n ) n of positive contractions in A satisfying 

||[a, -)■ 0, ||a fl (^)a/,(^)|| -)• and r(z n ) -> l/|if| 

for all a G ^4, /i G -ftT with g ^ h and r G T(^4) as n — )• oo. Consequently (a, w) has the 
weak Rohlin property. □ 

For a C*-algebra A with tracial rank zero, we can prove that strong outerness is 
equivalent to the tracial Rohlin property in the sense of Definition 12.51 (4). 



Theorem 3.7. Let A be a unital simple separable C* -algebra with tracial rank zero and 
with finitely many extremal tracial states. Let T be a countable discrete amenable group 
with the property (Q). For a cocycle action (a,u) ofT on A, the following conditions are 
equivalent. 

(1) (a, u) is strongly outer. 

(2) (a, it) has the tracial Rohlin property in the sense of Definition \2. 5l (4). 

Proof. The implication (2)=^(1) can be shown in a similar fashion to [271 Remark 2.8]. We 
prove (1)=^(2). Suppose that (a,u) : T rx A is strongly outer. Define M and (a,u) : T r\ 
M in the same way as Theorem l3.61 It is well-known that M is isomorphic to a finite direct 
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sum of the hyperfinite Ili-factor (see [311 Lemma 2.16], [271 Remark 2.6 (8)]). Exactly the 
same argument as Theorem 13.61 shows that there exists a sequence of projections (q n )n hr 
M such that 

||[x,<7 n ]|| 2 -> 0, \\ag(q n )a h (q n )\\ 2 ->■ and r(g„) ->• l/|if| 

for all x £ M, g,h £ K with g ^ h and r £ T(M) as n — )• oo. By [311 Lemma 2.15], we 
may replace g n with projections e n in A, that is, there exists a sequence of projections 
(e n ) n in A such that 

||[a,e n ]|| 2 -)■ 0, ||a s (e n )a fe (e n )|| 2 -4 and r(e n ) -)■ l/|if| 

for all a £ A, g, h £ K with g ^ h and r £ as n — )• oo. Then, from [24^ Proposition 

4.1], we can find a sequence (/ n )n of projections in A such that 

||[o,/„]||-»>0, \\a g (f n )a h (f n )\\ -4 and r(/ n ) -4 1/|# | 

for all a £ A, 5, /i £ K with g ^ h and r £ T(A) as n — > 00. Thus (a, ii) has the tracial 
Rohlin property. □ 

4 instability of crossed products 

In this section, we prove Theorem 14.91 We also prove that the fixed point subalgebra of 
the central sequence algebra has strict comparison (Theorem I4.8p . 

4.1 Fixed point subalgebras of central sequence algebras 

Throughout this subsection, we let A be a unital, simple, separable, nuclear, stably finite, 
infinite dimensional C*-algebra with finitely many extremal tracial states. We also fix a 
countable discrete amenable group Y and a cocycle action (a,u) : T rx A with the weak 
Rohlin property. Note that we allow V to be trivial. 

Let E be the set of extremal tracial states on A. Set tt = ® rg £ vr r and M = it (A)" = 
(BreE Kt(A)". It is well-known that ir T (A)" is the AFD Ili-factor R for r £ E. We identify 
A with ir(A) and omit %. It is clear that T(A) is identified with T(M). We let 

U = (f°(N, R)/{(x n ) n I ||x n || 2 40asn^ oj}) n R' , 

be the central sequence algebra of R in the sense of von Neumann algebra, where R is 
identified with the subalgebra consisting of equivalence classes of constant sequences. It is 
also well-known that 1Z is a Ili-factor (see |41|, Theorem XIV. 4. 18] for example). Similarly, 
we define M. by 

M = (i°°(N,M)/{(z n ) n I Hxnlla "4 as n -> w}) n M'. 

Clearly .M is isomorphic to © rg £;7£- In particular, T(M) is canonically identified with 
T(M), and hence with T(A). We let T(,4)/T = T(M)/T = T(M)/T denote the quotient 
space by the T-action r 1— >• r o a s . The cocycle action (a,u) : I r\ 4 gives rise to the 
cocycle action (a, u) : V rx M. Notice that a : T rx A^ and a : T rx M are genuine 
actions. 
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The inclusion map A M induces the homomorphism 



p : A, ->■ M. 



Put J = Ker p. For an w-central sequence {xn)n iu -A, its image in A^ belongs to J if and 
only if H^nlh - > as n — > u. In other words, for x £ A^, x belongs to J if and only if 
t u1 {x*x) = for any r £ (see Section 2.1 for the definition of tJ). Throughout this 

subsection, we keep the above notations. 

The following lemma is folklore among experts. For the reader's convenience, we 
include a proof here. 

Lemma 4.1. Let ( r y,w) : V rx R be an outer cocycle action ofT on the AFD IR-factor 
R. Then TZ 1 is a IR-f actor. 

Proof. By [301 Chapter 1] (see also [231 Theorem 2.3]), (j,w) is cocycle conjugate to 
(7 ® id, w (g) 1) : T a. R®R. Hence there exists a unital homomorphism ip : R — )■ 7£ 7 (or 
one may use [301 Lemma 8.3], which says that TZ 1 is of type Hi). Let r be the unique trace 
on TZ. Suppose that p is a projection belonging to the center of TZ 1 . Take a projection 
q £ R such that r((p(q)) = r(p). There exists a unitary x £ TZ such that xpx* = tp(q), 
because TZ is a IL-factor. Then (x'y g (x*)) g is a 7-cocycle in TZr\{<p(q)}' . By the cohomology 
vanishing theorem |30[ Proposition 7.2], we can find a unitary y £ TZ n {99(g)}' such that 
^7g(^*) = Vlg{y*) for all <? G r. Therefore y*xpx*y = <p(q) and y*x £ TZ' 1 . Since p is in 
the center of 7£ 7 , we obtain p = (p(q). This means p = or p = 1, and whence 7£ 7 is a 
Ill-factor. □ 

Lemma 4.2. (1) TTie /ixed point algebra Ai a is a finite direct sum of ll\-factors. 

(2) The map r 1— > r\A4 a induces an isomorphism from T(M)/T to T(M a ). 

Proof. (1) The cocycle action a induces an action of T on the set of minimal central 
projections of M. For each T-orbit we choose and fix a minimal central projection. Let 
{ei, e%, • • • , e n } denote the set of such projections. For each i = l,2,...,n, there exist 
finite subsets Hi C V such that 



n 



i=l he Hi 



Put Ti = {g £ T I a g (ei) = ei}. Then Tj is a subgroup of T and 



r= |J hVi 



holds. Let (a^,u™) : Tj ^> Me^ be the restriction of (a,u) to Tj and Me^. It is not so 
hard to see 




which is isomorphic to 



®{Meif 



i=i 
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bmce is an outer cocycle action of a countable discrete amenable 

- (i) 

group on the AFD Ili-factor, by the lemma above, the fixed point algebra (Aiei) a is a 
Ill-factor, which completes the proof. 

(2) immediately follows from the proof of (1). □ 

Theorem 4.3. (1) The homomorphism p : — > At is surjective, that is, 

► J ► — At > 

is exact. 

(2) The restriction of p to {A u ) a induces the following short exact sequence: 

► J a > (AJ) a — M & > 0. 

Proof. (1) Take a positive contraction x G At. Let (x n ) n G £°°(N, M) be a representative 
sequence of x consisting of positive contractions. By Kaplansky's density theorem, we 
may assume that x n is in A. We choose an increasing sequence (F m ) m of finite subsets of 
A whose union is dense in A. Applying Proposition 13.51 to F m and 1/m, we get a finite 
subset G m C A and 8 m > 0. Define 

f2 m = {n £ N | n > m, \\[x n ,a}\\ 2 < l/6 m Va G G m }. 

Then Vt m belongs to oj because x is in Ai. For each n G O m \O m+ i, by means of Proposition 
13.51 we obtain a positive contraction y n £ A such that 

Ikn- Vnh < 1 / m and l|[2/njO]|| < 1/m Va G F m . 

Put y n = for n G N \ It is easy to see that (y n )n is an w-central sequence. Let 
y G Aj be the image of (y n )n- Since ||x n — y n \\2 — > as n — > u), we have = x which 
completes the proof. 

(2) Clearly p^A^) 01 ) is contained in Ai a and the kernel of /?|(^4 W ) Q equals J a . It 
remains to show the surjectivity of pKA^) . 

Take a positive element x G M a . We would like to prove that p{(A u ) a ) contains x. 
Since p is surjective, there exists a G such that p(a) = x. Choose a finite subset F C T, 
e > and m G N arbitrarily. Choose J > so that 

£(1 + 1^1 + --- + ii ? r -1 ) <e. 

Since (a, n) has the weak Rohlin property, there exists an (F, 5)-invariant finite subset 
K C r and a positive contraction / G A u such that 

r w (/) = |i^r 1 and a g (f)a h (f) = 

for all r G T(A) and g,h £ K with g ^ h. Evidently {p{a g {f)))geK forms a partition of 
unity consisting of projections in Ai. By the standard reindexation trick, we may assume 
that / commutes with a. Define a function t : K — > N by 

t(g) = min{n G N | 3gi,g 2 , ...,g n €F, ggi . . . g n & K}. 
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One has < S\K\, because K is (F, <5)-invariant. Then |^ _1 (n)| < <5|.F| n - 1 |l£'| is 

obtained inductively, so that 

ir^M,...,™})! <5(i + \F\ + --- + \F\ m ~ 1 )\K\ <e\K\. 

Let ft, : K — > [0, 1] be a function defined by h(g) = m~ 1 mm{£(g) — 1, m}. The estimate 
above implies > (1— e)|if|. We define positive contractions b, c G A w by 

6 = ^ a 9 (a/) and c = ^ h(g)a g (af) 

geK geK 

It is easy to see that || c — a g (c) || is less than 1/m for all g £ F. Also, we have 

and so a — b G J. Furthermore, c < 6 and 

Tu;(6-c)< ^ T ul (a g (af)) < ^2 r ^K(/)) < e 

for all r G T(A). Hence r w ((o- c)* (a- c)) = r w ((6-c)*(6-c)) < e holds for all r G T(A). 

Since F, e and m were arbitrary, the standard trick on central sequences implies that 
there exists a positive contraction c G {A w ) a such that a — c G J, which completes the 
proof. □ 

Lemma 4.4. For any x G J a , there exists a positive contraction e E J a such that ex = 
xe = x. 

Proof. Take x G J a . Let (x n ) n be a representative sequence of x. We choose an increasing 
sequence (F m ) m of finite subsets of A whose union is dense in A. Let T = {g m \ m G N}. 
For m G N, define a continuous function h m on [0, oo) by 



h m {t) 



mt 0<t< 1/m 
1 l/m<t. 



is easy to see that (y n ) n is an w-central sequence of positive 
elements satisfying r(y n ) — > and a g (y n ) — y n — > as n — > to for any r G T(yl) and g G T. 
Let f2 m be the set of all natural numbers n> m such that 

r(h m (y n )) < — , ||a 9i (/i m (y n )) - h m (y n )\\ < — and || [h m (y n ), a] \\ < — 

for all r G T(A), i = 1,2, ...,m and a G F m . Then J7 m belongs to oj. Set Sl m = 
n Q 2 n ■ ■ ■ n O m . Define e n G A by 



h m (y n ) n£Q m \ Q m +i 
n€N\fii. 
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Then (e n ) n is an w-central sequence satisfying 7~(e ra ) — > and o; g (e n ) — e n — >• as n — > ui 
for all r G T(vl) and g £ T. Thus, the image e 6 A w of (e n ) n is in J a . Moreover, for every 
n £ m \ ri m +i, we have 

Ikn - e n x n \\ 2 = 11(1 - h m (y n ))x n x* n (l - h m (y n ))\\ 

< ||(1 - h m (y n ))y n (l - h m (y n ))\\ < mT 1 . 

Hence x = ex. Likewise, we obtain x = xe, which completes the proof. □ 

In the following proposition, we consider an equivariant version of the property (SI). 
Notice that we need not assume that A has finitely many extremal tracial states for this 
proposition. See Definition 12.61 for the definition of the property (SI). 

Proposition 4.5. Suppose that A has the property (SI). For any uj-central sequences (x n ) n 
and (y n ) n of positive contractions in A satisfying 

lim max r(x n ) = 0, inf lim min rfw" 1 ) > 0, 

n->w reT(A) meN n^u) reT(A) 

and 



lim \\at g {x n ) - x n \\ = lim \\a g (y n ) - y n \\ = Vg € T, 

n— >ui n— >uj 

there exists an u-central sequence (s n ) n in A such that 

lim ||s*s n - x n \\ = 0, lim \\y n s n - s n \\ = 0, 

n— >u n— >ui 

and 

lim ||a„(s n ) - s n \\ =0 Vg G T. 

n— >oj 

Proof. The assertion is actually contained in the proof of [27, Theorem 4.7], but we include 
a proof here for completeness. 

We first note that, by Remark 12.71 the assertion is equivalent to the property (SI) 
itself, when T is trivial. Let us consider the general case. Let (x n ) n and (y n )n be as in the 
statement. Put 

v = inf lim min riv 7 ! 1 ) > 0. 

mgNn->w Te r(i) 

Take a finite subset F CT and e > arbitrarily. Since (a, u) : V r\ A has the weak Rohlin 
property, we can find an (F, e)-invariant finite subset K C T and a central sequence (fi)i 
of positive contractions satisfying 

lim max \r(fi) - \K\~ 1 \ = and lim a g (fi)a h (fi) = 

Z-s>oo reT(A) £->oo 

for all g, h £ K with g ^ h. 

We claim that there exists an cj-central sequence (y n )n of positive contractions in A 
such that 

y n <y n , inf lim min r(y^) = v\K\~ l and lim a g (y n )a h {y n ) = 



18 



for all g,h G K with g ^ h. To this end, it suffices to show that for any finite subset 
G C A, 5 > and m£N, there exists a sequence (y n )n of positive contractions in A such 
that 

y n <y n , lhn min r(y™) > - 25, lim \\a g (y n )a h (y n )\\ < 5 

n->u T g T{A) n^fuj 

for all g,h £ K with g ^ h and 



lim || [y n , a] || < (5 Va G C 



Choose / G N so that 



max >(/,) - l^r 1 ) < 5, ||a 9 (/, 1/m )a,(/, 1/m )|| < 5 



fl /m ,a}\\<5 VoGG. 



tST(A) 

for all g,h € K with g ^ h and 

Set y n = yll 2 fl /m yn 2 ■ Clearly y n < y n . By means of [27J Lemma 4.6], we get 
lim min r(y™) = lim mmr(y™/j) 

n-s>w r( =T(A) ri-s>o; t6 t(A) 

> lim min t{ V ™)\K\- 1 - 25 > v - 25. 

We also have 

lim \\a g (y n )a h (y n )\\ < \\a g {fl /m )a h {fl /m )\\ < 5 
for all g,h G K with g ^ h and 

lim||[y n ,a]||<||[// /m ,a]||<<5 

n— >u 

for all a G G. Thus, the proof of the claim is completed. 

Because A has the property (SI) (see also Remark 12. 7p . there exists an w-central 
sequence (r n ) n in A such that 

r* n r n - x n and y n r n - r n -)• 

as n — > uj. Define s n G A by 

s n = — > a (r r , 



11 9&K 



Then it is easy to see 

s* n s n - x n -)■ and y n s„ - s n 
as n — >• uj. Besides, for any h G F, 



lim ||s„ - a h (s n )\\ < lim 



1 



a g( r r, 



< 



k \ fr- 1 ^! 1 ^ |^\^|i/ 



+ 



i 

+ — 7;=? 

< 2^1. 



g eK\hK 



\K\V* \K\V 2 
Since F C T and e > were arbitrary, the proof is completed. 



□ 
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Lemma 4.6. Suppose that A has the property (SI). For any r G T((j4 w ) q ) and x G J a , 
one has t(x) = 0. 

Proof. Let x G J a be a positive contraction. It suffices to show t{x) = for all r G 
T^Aj)"). By Lemma 14.41 we can find a positive contraction e\ G J a such that xei = x. 
By Proposition 14.51 there exists s± G J a such that s\si = x and (1 — ei)si = si. Applying 
Lemma [44] to the positive contraction x + sis*, we obtain a positive contraction e2 G J a 
such that (x + sis*)e2 = x + sis^. By Proposition 14.51 there exists S2 G J a such that 
= x and (1 — e2)s2 = «2- Then x + s\s\ + S2S2 is again a positive contraction in J Q . 
Repeating this argument, one can find (sj)j C J a satisfying 

s*Si = x and x + Sis^ + S2S2 + " " " + s nS* n < 1 
for every n G N. Hence r(x) = for all r G T((A W ) Q ). □ 
Lemma 4.7. Suppose that A has the property (SI). 

(1) The map r 1— >• t^K-A^) induces an isomorphism from T{A)/T to T((A tlJ ) a ). 

(2) The map r 1— > is an isomorphism from T(A) to T{A U ). 

(3) //A /ias a unique tracial state, then so does {A u ) a . 

Proof. (1) immediately follows from Lemma 14.21 Theorem 14.31 and Lemma 14.61 (2) and 
(3) are direct consequences of (1). □ 

The following proposition says that (A^) has strict comparison in a certain sense. We 
remark that the condition d Tu} {a) < d Tuj (b) for all t G T(A) is equivalent to the condition 
d T (a) < d T (b) for all r G T(( J 4 aJ ) a ), thanks to the lemma above. 

Proposition 4.8. Suppose that A has the property (SI). Let a,b G (A u ) a be positive 
elements satisfying d Tui (a) < d TbJ (b) for all r G T{A). Then there exists r G (Aj) q such 
that rbr* = a. 

Proof. For a subset X C R, we let lx be the characteristic function of X. Notice that we 
keep the identification between T(A), T(M) and T(A4). By r o p = t u , we have 

d T »= lim rUa 1/n )= Km T(p{a) l ' n ) = r(l (0)Oo) (p(o))), 

where the support projection l(o,oo)(p( a )) is well-defined because M. a is a von Neumann 
algebra. Similarly we get 

^(6)=r(l (0)Oo) (p(6))). 

Choose G N so that 

d T » < 1 ^d Tu (b) VrGT(A). 

By Lemma 14.21 (1), there exists a unital homomorphism ip : — > M a . By |22} Theorem 
10.2.1], Co((0, 1]) (g) Mfc is projective. It follows from Theorem 14.31 that we can find a 
homomorphism ip : Co((0, 1]) (g) — )• (Aj)° such that p(p{i® x)) = p(x) holds for every 
x G Mfc, where i G Cq((0, 1]) is the identity map. By the usual fast reindexation trick, 
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we may and do assume that the range of <p commutes with b. Let p G be a rank one 
projection. Since p(b) commutes with elements of (p(Mf.), we have 

1"(1(0,00)(P(%(P))) = r ( 1 (0,oo)(/3(&))^(p)) = ^(l(0,oo)(p(&))) 

and 

7-(l (0)Oo) (p(%(l-p))) = r(l (0)Oo) (p(6))^(l-p)) = ^t(1 ( o )0o) (p(&))) 

for all r G T(.M). As T(.M) has finitely many extremal points, there exists e > such 
that 

mu r(l M 0>(%(p)))>0 (4.1) 

reT(.M) 

and 

r (1(0,00) (p(o))) < r(l (£)0o) (p(%(l-p))) Vr G T(M). (4.2) 

Define continuous functions g and /t on [0, oo) by g(t) = min{e _1 ,t -1 } and hit) = tg(t). 
By Lemma 14.21 A4 a is a finite direct sum of IL-factors and every trace on is the 
restriction of a trace on M. It follows from (14. 2j) that we can find a unitary t; £ Al° such 
that 

l(0,oo)(p(«0) < "l(e,oo)(p( 6 M 1 -J>)K- 

By Theorem 14. 3( there exists a unitary w G (Aj)° such that p(w) = v. Set 

r = a^wgib) 1 ' 2 ^ ® (l-p)) 1/2 . 

Then 

rfer* = o 1 / 2 « ;& (6) 1 /2^( t ® (l-p)) 1 /*^ g, (l-p)) 1 /2 5 ( b )i/2 u; * a i/2 
= a 1/2 w/i(&)<^(i® (l-p))w*a 1/2 < a 

and 

^(r&r*) = p(a.V 2 wg(b) 1/2 tp(i® {l-p)) 1,2 b^{i ® (l-p)) 1/2 <7(6) 1/2 u>V /2 ) 
= p(a^ 2 )(t;l {£i00) ( /3 (6)^(l-p))^)^(/ l (6)) V 9(l-p)t;V(a 1 / 2 ) 

= p(« 1/2 )^( £ ,oo)(^)^(l-p))/i(^)^(l-p))^V(« 1/2 ) 
= p(« 1/2 )^l( £ ,oo)(^)^(l-p))^p(a 1/2 ) 
= p(a). 

Thus, a — rbr* is a positive element of J a . On the other hand, one has 

r u ({h(b)<p{i ® p)) m ) = r((p(fc(&))p(p)r) 
= T(h(pQ>)<p(p)) m ) 
> r(l (£!0o) (p(6)^(p))). 



This, together with (J4JJ), implies 



inf min TJihib)(pii ® p)) m ) > 0. 
m£N T eT(M) 
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Therefore, by appealing to Proposition 14.51 we can find s € (Aj) a such that 

s*s = a — rbr* and h(b)tp(i ® p)s = s. 

Put 

t = s*g{b) 1 l 2 (p{L®p) l l 2 . 

Clearly rbt* = 0, and so we get 

(r + t)b(r + tf = rbr* + tbt* 

= rbr* + s*g{b) 1 / 2 ^{i ® p) 1/2 b${L ® p) 1 / 2 5 (6) 1 / 2 s 
= r6r* + s*h{b)(p{i (8> p)s = a. 

□ 

4.2 Z-stability of crossed products 

In this subsection, we state direct consequences of the results obtained in Section 3 and 
Section 4.1. Throughout this subsection, we let A be a unital, simple, separable, nuclear, 
stably finite, infinite dimensional C*-algebra with finitely many extremal tracial states. 
See Definition 12.11 and Definition 12.21 for the definitions of (strong) cocycle conjugacy and 
twisted crossed products. 

We note that the following theorem contains Theorem [231 (2) as a special case (namely 

r = {i}). 

Theorem 4.9. Suppose that A has the property (SI). Let (a, u) :F rx A be a cocycle action 
of a countable discrete amenable group F with the weak Rohlin property. Then there exists 
a unital homomorphism from Z to (A^)" , and hence (a,u) : F r> A is strongly cocycle 
conjugate to (a <8 id, it (8)1) : F r\ A®Z. In particular, the twisted crossed product Ax r au \F 
is Z-stable. 

Proof. We first prove the existence of a unital homomorphism from Z to (A^) . As shown 
in [11], Z is an inductive limit of the prime dimension drop algebras I(k, &+l)'s. Hence, 
in the light of [44 \ Proposition 2.2], it suffices to construct a unital homomorphism from 
I(k,k+1) to {A u ) a . Let (e%,j)i,j be a system of matrix units for M^. As in the proof of 
Proposition 14. 8( we can find a homomorphism (p : Cq((0, 1]) 8) Mfc — > (A u ) a such that 
T UJ {ip(i' n 8) ei,i)) = for every r £ T(A) and m S N, where t G Co((0, 1]) is the identity 
map. Clearly 



^(i®ei i i)>0 and </3(i 8> e\^i)(p{i ® eij)" 



(^(/.(giei,!) 2 i = j 
i ^ j. 



By Lemma [431 there exists s 6 (A^) a such that 

s*s = 1 — i^(t 2 8S> 1) and <^(i ® e\ t i)s = s. 
It follows from [38|. Proposition 2.1] that there exists a unital homomorphism from I(k, k+1) 

to {a^. 

Once we get a unital embedding Z — >■ (via;)", strong cocycle conjugacy between (a, it) 
and (a ® id, it ® 1) follows by essentially the same method as |34t Theorem 7.2.2]. Then 
we can conclude that the twisted crossed product A xi r a>u \ F is Z-stable. □ 
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Corollary 4.10. Let V be a countable discrete amenable group with the property (Q). 
Suppose that A has the property (SI). Let (a,u) : T rx A be a strongly outer cocycle 
action. Then there exists a unital homomorphism from Z to (A il} ) a , and hence (a,u) is 
strongly cocycle conjugate to (a® id, u<S> 1) : T rx A®Z. In particular, the twisted crossed 
product A X( Qjn ) r is Z-stable. 

Proof. By Theorem 13,61 the cocycle action (a, u) has the weak Rohlin property. Then the 
conclusion follows from the theorem above. □ 

Corollary 4.11. Let T be an elementary amenable group. Suppose that A has the property 
(SI). Let (a, it) : T rx A be a strongly outer cocycle action. Then there exists a unital 
homomorphism from Z to {A w ) a , and hence (a,u) is strongly cocycle conjugate to (a (8) 
id, u ® 1) : r rx A <g> Z. In particular, the twisted crossed product A X( Q)U ) T is Z-stable. 

Proof. By Proposition 13.31 r has the property (Q). Then the conclusion follows from the 
corollary above. □ 

Remark 4.12. In the corollaries above, the assumption of the property (SI) can be 
replaced with ^-stability of A, thanks to Theorem 12.81 (1). 



5 A remark on central sequence algebras 

In this section, we show that for any unital separable nuclear C*-algebra A which is not 
of type I, the central sequence algebra A u has a subquotient which is isomorphic to a 
Ill-factor (Theorem 15. ip . This may be regarded as a variant of Glimm's theorem, which 
says that if a separable C*-algebra is not of type I, then it has a subquotient isomorphic 
to a UHF algebra. 

Let M be a von Neumann algebra with separable predual M*. We recall the definition 
of the central sequence algebra of M in the sense of von Neumann algebra from j3j Section 
II] (see also [41, Chapter XIV §4]). 

For a normal positive functional ip £ M*, we let 

# _ /ip(x*x) + ip(xx*) 

Since x \-¥ tp(x*x) 1 / 2 is a seminorm, x i— > \\x\\lp is also a seminorm on M. The locally 
convex topology on M defined by the family of these seminorms \\-\\lp is called the *-strong 
topology (see [iQl Definition II. 2. 3] for example). 

A bounded sequence (x n ) n in M is called strongly w-central if 

lim sup{|(^(x n y - yx n )\ \ y e M, \\y\\ < 1} = 

for every <p £ M*. Let C denote the set of all strongly w-central sequences. Clearly C is 
a unital C*-subalgebra of £°°(N, M). Let I denote the set of all bounded sequences in M 
w-converging to zero in the *-strong topology. It is easy to see that X is a norm-closed 
two-sided ideal of C. We call the quotient M. = C/I the central sequence algebra of M. 
It is well-known that if M is a hyperfinite type II factor then A4 is a Ili-factor (see [411 
Theorem XIV.4.18] and [3 Lemma 2.11. (b)]). 
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Theorem 5.1. Let A be a unital separable nuclear C* -algebra which is not of type I. Then 
there exists a subquotient of A^ = A u n A' which is isomorphic to a factor. 

Proof. Since A is not of type I, by Glimm's theorem, there exist a type II factor M with 
separable predual and a unital homomorphism tt : A — > M such that tt(A) is *-strongly 
dense in M . Moreover, M is hyperfinite, because A is assumed to be nuclear. 

Let C, 1 and M be as above. We let B C £°°(N,A) be the set of all w-central 
sequences (a n ) n such that the sequence (7r(a n )) n in M is strongly ^-central. It is routine 
to check that B is a unital C*-subalgebra of ^°°(N,^4) and that B contains c w (A). Let 
7r : ^°°(N, A) —> £°°(N,M) be the homomorphism which is naturally induced by tt. Then 
tt(B) is contained in C and -k{c w {A)) is contained in X. Hence tt\B induces a unital 
homomorphism from B/c UJ (A) C A w to M. As mentioned above, Ai is known to be a 
Ill-factor. Therefore, it remains for us to show that the homomorphism B/c w {A) — > M 
is surjective. The proof is essentially the same as \39\ Lemma 2.1], but we include it for 
completeness. 

Take a strongly w-central sequence (x n ) n £ C arbitrarily. We assume ||x n || < 1. Let 
ifi G M^, be a normal positive faithful functional. Then is a norm and the *-strong 

topology agrees with the topology induced by the norm ||-||^ on any bounded subset of M 
(see [40^ Proposition III. 5. 3] for example). Hence it suffices to show that there exists an 
w-central sequence (a n ) n in A such that \\x n — vr(a n )||^ — > as n — > u. By Kaplansky's 
density theorem (see [40^ Theorem II. 4. 8] for example), we can find (b n ) n G £°°(N, A) such 
that < 1 and \\x n — 7r(6 n )||T — > as n — > oo. We choose an increasing sequence 

{Fm)m of finite subsets of A whose union is dense in A. Since A is nuclear, we can apply 
Theorem 13.41 to F m and 1/m, and get a finite subset G m C A. Define 

n m = {n <E N | n > m, \\[Tr(b n ),ir(w)]Tr(w*)\\* < m^Gm^ 1 \/w G G m }. 

As (x n ) n is strongly w-central, (n(b n )) n is also strongly w-central. Therefore, by [HI 
Lemma XIV. 3. 4 (i)], [-K(b n ),-K(w)] tends to zero in the *-strong topology as n — > uj for 
every w G A. It follows that f2 m belongs to uj. For each n G Vt m \ Q TO _|_i, we define a n G A 



By the choice of G m , we have \\[a n , c]\\ < 1/m for all c G F m , that is, (a n ) n is an w-central 
sequence. Besides, 



by 





# 




# 



x n - ^{K)\\* + l/m, 



and so \\x, 



ri 



^{ a n)\\t as n -)■ u. 



□ 
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Remark 5.2. In the theorem above, suppose that M is the hyperfinite Ili-factor. Then, 
by |4H Lemma XIV. 3. 4 (ii)], we can see that for any w-central sequence (a n ) n in A, the 
sequence (n(a n )) n in M is strongly w-central. Thus, B above equals A w = A u n A', and 
whence there exists a unital homomorphism from A w to the Ili-factor M. 



6 Actions of the Klein bottle group I 

In this section, we would like to prove that all strongly outer cocycle actions of the Klein 
bottle group on a UHF algebra are mutually cocycle conjugate (Theorem I6.16p . We note 
that some of the ideas and techniques used in this section are borrowed from [TO] . 



6.1 The Order Ext invariant 

In this subsection, we would like to collect some basic facts on the OrderExt group for 
later use. The OrderExt invariant was introduced by A. Kishimoto and A. Kumjian [18] 
in order to determine when an approximately inner automorphism of a unital simple AT 
algebra with real rank zero is asymptotically inner. In the later subsections, we use this 
invariant for classification of certain group actions on AF algebras. 

We begin with the definition of the OrderExt group ([El Section 2]). Let Go,Gi,F 
be abelian groups and let D : Gq — > F be a homomorphism. When 



£: 



-> G 



o 



-> E f 



-> G l 



-» 



is exact, R is in Hom(^, F) and Ro i = D, the pair (£,R) is called an order-extension. 
Two order-extensions (£, -R) and (^',R') are equivalent if there exists an isomorphism 
9 : E(. -)• Eg such that R = R! o 9 and 



£: 



-> G 



o 



-> Ec 



-»• 



-»• Gn 



-»• 



is commutative. Then Order Ext (Gi, Gq , D) consists of equivalence classes of all order- 
extensions. As shown in [18], Order Ext (Gi, Go, D) is equipped with an abelian group 
structure. The map sending (£, R) to £ induces a homomorphism from OrderExt(Gi, Go, -D) 
onto Ext(Gi,G ). 

When (£,R) is an order-extension, there exists r £ Hom(Gi, Fj Im D) such that the 
following diagram is commutative: 











-»• G, 



o 

-> ImD 



Gi 



-> F/lmD 



-> 



o, 



Clearly r depends only on the OrderExt class of (£, R) and the map (£, R) ^ r gives rise 
to a homomorphism. We denote it by p : OrderExt(Gi, Gq, D) — )• Hom(Gi, F/ImD). 
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Lemma 6.1. Let Gq,G\,F be abelian groups and let D : Gq —> F be a homomorphism. 
If D is injective, then the homomorphism p : OrderExt(Gi, Gq, D) — > Hom(Gi, Fj Im D) 
is an isomorphism. 

Proof. Suppose that r £ Hom(Gi, Fj Im D) is given. Define £ S Ext(Gi,Go) by 

Es = {(gJ)eG 1 xF\r(g)=f + lmD}, t(h) = (0, D(h)), q(gj)=g. 

Note that l is injective, because D is injective. We define R : E% — > F by R(g, f) = f. 
Then one has p([(£, i?)]) = r. To prove the injectivity of p, we assume that an order- 
extension (£, -R) satisfies R)]) = 0. Then R(E^) is contained in ImD. Since Ker D = 
0, by Lemma 2.4 and Proposition 2.5 of [18], we get = 0. Therefore p is an 

isomorphism. □ 

We would like to recall the main result of |18j . Let B be a unital simple AT algebra 
with real rank zero. As described in [18J, there exist natural homomorphisms 

fj : Irm(£) -> OrderExt(.Ki(.B), K (B), Db) 

and 

77! : IrirT(B) -> Ext(K (£), ^i(S)). 
The following is the main result of |18j . 

Theorem 6.2 ([18J Theorem 4.4]). Suppose that B is a unital simple AT algebra with real 
rank zero. Then the homomorphism 

fj 8 Vl ■ MB) -»■ OrderExt(Ki(S), ^o(^), ^b) © Ext(K (5), Jfi(B)) 

is surjective and its kernel equals the set of all asymptotically inner automorphisms of B. 

In the rest of this subsection, we let A be a unital simple AF algebra and let <p 6 Inn(A) 
be an approximately inner automorphism such that (p n is not weakly inner for every 
n G N. By the Pimsner-Voiculescu exact sequence, {K^Ax^H), Ki(Ay\ v 'L)) are naturally 
identified with (K (A) , K (A)) (see [Ml Section 6]). The space of tracial states T(A x^Z) 
is also identified with T(A). These identifications induce the natural isomorphism 

OrderExt(^i(A ^ Z), K (A ^ Z), D AXvZ ) OrderExt(if (^), ^o(^), AO- 
From now on we will freely identify these two Order Ext groups. 

Lemma 6.3. For any approximately inner automorphism ip G Autx(^4 y\ v Z) ; one /ias 

«iW = o. 

Proof. This follows from the proof of [241 Lemma 6.3]. □ 

From Theorem 16.21 and the lemma above, we obtain the following. 

Proposition 6.4. Suppose that A x^ Z is a unital simple AT algebra with real rank zero. 
Let ip 6 Autf(^4 x^, Z) be an approximately inner automorphism. If fjofy) = 0, then ip is 
asymptotically inner. 
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For t G R we define <p t G Aut T (^4 Z) by 

<^t(a;) = x Vx G ^4 and ^(A^) = exp(27r\/— ltJA'*'. 

Lemma 6.5. Lei p : OidevEx.t{K (A), K (A), D A ) -»• Hom(Ko(A), ArT(T(A))/ImD A ) 6e 
i/ie homomorphism described above. For every ( £ R and x G KoLA), one has 

p(fjo(fit))(x) = tD A (x) + lmD A . 

Proof. Let t G R and let p G A be a projection. It suffices to show the equation for x = \p\. 
Under the identification between Kq{A) and Ki(A>i v Z), \p\ corresponds to [Xfp+vil— p)], 
where v is a unitary in A satisfying vpv* = tp{p). Define /: [0, 1] ->C/(ix^Z) by 

f(s) = exp(2irV^lst)\Vp + v(l - p). 

Then / is a unitary in the mapping torus of ipt and 

T^T Jo T{ f {s)f{sT) ds = ^/Tf J T ^^P) ds = tr(p) 



2tta 

for r G T(A). Hence p{m{<p t )){\p\) = tD A (]p]) + Im ^- □ 
We conclude this subsection by the following lemma, which will be used in Section 6.3. 

Lemma 6.6. Suppose that a G Aut(A xi^, Z) satisfies a\A G Inn(A) and a(X p )X p G A. 
Let tp G Autir(^4 x^Z) be an approximately inner automorphism. Then a o tp o a^ 1 is in 
Autj(A Z) and rjo(a o tp o cr _1 ) = —fjo(ip). 

Proof. Let 5 = 4x1^2. It is straightforward to check o oip o a^ 1 G Auti(B). Let 
M(B, V') = {/ G C([0, 1]) 5 | V(/(0)) = /(l)} 

and 

M(S, a o V o O = {/ G C([0, 1]) ® B | (a o V o OCftO)) = /(l)} 
be mapping tori. Then we have the following commutative diagram: 

► C O (O,1)0B > M{B,4>) > B > 

id <8>ct cr 

> C* o (0, 1) <g> £ ► M^ffo^oa- 1 ) ► 5 ► 0, 

where the horizontal sequences are exact. As mentioned above, K*{B) = K*(A Z) is 
naturally isomorphic to Kq(A). Since a\A is approximately inner, we get K (a) = id on 
K {B). Also, from a(X p )\ ip G A, we obtain ifi(<j) = - id on Ki(B). Then the conclusion 
follows from the definition of %(")■ d 



27 



6.2 Cocycle actions of Z 2 on UHF algebras 



In this subsection, we would like to summarize the results obtained in [241 Section 6] and 
generalize them to cocycle actions of Z 2 . Throughout this subsection, we write Z 2 = (a, b \ 
bab^ 1 = a). For a cocycle action (a,u) : Z 2 rx A, we put 

u = u(b, a)u(a, b)* , 

so that 

o o a = Ad u o a a o ab 

holds. When A is a UHF algebra or the Jiang-Su algebra, (a, u) is cocycle conjugate to a 
genuine action if and only if A T (u) = ([271 Theorem 8.6, 8.8]). 

First, let us recall the invariant of cocycle actions of Z 2 taking its values in an Order Ext 
group ([Ml Definition 6.4]). Let (a, u) : 1? rx A be a strongly outer and locally KK-trivial 
(i.e. Ko(a g ) = id) cocycle action of Z 2 on a unital simple AF algebra A. The automor- 
phism ab G Aut(A) extends to S& G Autx(^4 x Qa Z) by letting cbj(x) = a&(x) for all x G A 
and d;,(A aa ) = u\ aa . As mentioned in the previous subsection, by the Pimsner-Voiculescu 
exact sequence, (Kq(A x„ a Z),Ki(A x Qa Z)) are naturally identified with (Kq(A), Kq(A)). 
The space of tracial states T(A x Qa Z) is also identified with T{A). Under these identifi- 
cations, we regard fjo(ab) as an element in Oicdey:Ext(Ko(A), Kq(A), Da), and define our 
invariant c(a,u) £ OicdeTExt(Ko(A), Kq(A), Da) by 

c(a,u) = fj (a b ) G OrdeiExt(K (A), K (A), D A )- 

Remark 6.7. Let p : OrderExt(i^o(-4), K (A), D A ) -»• Hom(if (A), AS(T(A)) / Im D) be 
the homomorphism described in the previous subsection. Then one has p(c(a,u))([l]) = 
A T (u). Indeed, under the identification between Kq{A) and K\(A x Qa Z), [1] corresponds 
to [A Qa ]. Let z : [0,1] —> U(A) be a piecewise smooth path such that z(0) = 1 and 
z(l) = u. Then f(t) = z(t)X aa is a unitary in the mapping torus of ocb- Therefore 
p(c(a,u))([l}) = A T (u). 

Lemma 6.8. Let (a,u), (j3,v) : Z 2 rx A be strongly outer and locally KK-trivial cocycle 
actions of 1? on a unital simple AF algebra A. If (a, u) and (/3, v) are cocycle conjugate 
via an approximately inner automorphism 6 G Inn(A), then c(a,u) = c(f3,v). 

Proof. There exists a family of unitaries (w g ) g£ %2 in A such that 

6 oagoQ- 1 = k&WgO P g and 9 (u(g , h)) = w g /3 g (w h )v (g , h)w* h 

hold for every g, h G Z 2 . Then 9 extends to an isomorphism from A X aa Z to A X a % by 
letting 

9(\ a *) = w a \ Pa . 

As in [211 Section 6], we let M(A x Qa Z, 5&) and M(A x p a Z, /3b) denote the mapping tori. 
Take a continuous path of unitaries z : [0, 1] — > U(A) such that z(Q) = 1 and z{l) = Wb- 
Define an isomorphism 9 : M(A x Qa Z, db) — > M{A x« Z,/3b) by 

l(/)(t) = a!(t)*fl(/(t))z(t). 
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Since 

w* b 0(a b (x))w b = (Adw* b oOo a b )(x) = P b (9(x)) 

for any x G A and 

w* b 9(a b {X aa ))w b = w* b 9{uX aa )w b 

= w* b 9{u)w a X pa w b 

= wlw b p b (w a )v(3 a (w* b )w* a w a \ Pa w b 

= p b (w a )vX^ 

= f3 b (w a X^) 

9 is well-defined. Hence we obtain the following commutative diagram: 

► C (0, 1) ® (A x Qq Z) ► M(A x Qa Z, a&) >■ Ax aa Z > 



>• Cb(0,l)®(Ax^Z) ► M^x^Z^) ► Axu,Z ► 0. 

From this it is not so hard to see fjo(a b ) = fjo(ft b ), because Kq(6) = id. Therefore we get 
c(a, u) = c(/3, v). □ 

In the same way as |24^ Theorem 6.6], we can prove the following. 

Theorem 6.9. Let (a,u),(/3,v) : Z 2 r\ A be strongly outer, locally KK -trivial cocycle 
actions of Z 2 on a unital simple AF algebra A with finitely many extremal tracial states. 
The following are equivalent. 

(1) c(a,u) =c(P,v) in OvdeiEx.t(K (A), K (A), D A ). 

(2) (a, u) and (/3, v) are cocycle conjugate via an approximately inner automorphism 
9 G Aut(A). 

Proof. We give only sketchy arguments as the proof of \2A\ Theorem 6.6] applies almost 
verbatim. (2)=>(1) was shown in the lemma above without assuming that A has finitely 
many extremal traces. Let us consider the other implication (1)=^(2). It is well-known 
(see [2~4"| Section 4] for example) that Ax^Z and Axi^Z are unital simple AT algebras 
with real rank zero. By [24, Theorem 4.8, 4.9], we may assume that there exists w £ U(A) 
such that /3 a = Ad w o a a . Define an isomorphism 9 : A x^ a Z — > A x aa Z by 9(x) = x for 
x £ A and 9(X^ a ) = wX a °. We can observe 

fj (a b ) = c(a,u) = c(fi,v) = fj (/3 b ) = fj (9 ofi b o 9' 1 ). 

It follows from Proposition 16.41 that ot b and 9o p b o9~ 1 are asymptotically unitarily equiv- 
alent. Then [24, Theorem 6.1] applies and yields an approximately inner automorphism 
fi G Autf(A xi cla Z) and t G U(A) such that jj\A is in Inn(A) and 

fi, o 9 o j3 b o 9^ 1 o ^T 1 = Ad to a b . 
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(Actually, in [244 Theorem 6.1], A is assumed to have a unique trace. We can weaken this 
hypothesis by using Theorem 13.71 instead of [24\ Lemma 5.1]. See also Theorem l6.14i ) Let 
s = p(X a -)(X a -)* G 17(A). One can deduce 

(fi\A) o p b o (ulA)' 1 = Adt o a b 

and 

(fi\A) oj3 a o (filA)- 1 = {Adp{w)s) o a*. 

Moreover, we can verify 

ta\ ) {p{w)s)ua a {t*)s* p{w*) = p(v), 
which implies that (a, it) and (/3, v) are cocycle conjugate. □ 

Let us consider the case that A is a UHF algebra. As in [TH Section 5] , for every prime 
number p, we define 

(a(p) = sup{k e N U {0} I [1] is divisible by p k in K (A)} € {0, 1, 2, ... , oo}. 

In [14], it was shown that there exists a bijective correspondence between the set of (strong) 
cocycle conjugacy classes of strongly outer Z 2 -actions on A and the abelian group 

]"[ Z/p^Z. 

1<Ca(/>)<°o 

As mentioned in [24, Remark 6.7], it is easy to see that this group is isomorphic to 

{r G Eom(K (A),R/lmD A ) | r([l]) =0}. 

It is also known that this group is isomorphic to the fundamental group 7Ti(Aut(A)) (|42j). 

The following theorem is a strengthened version of the main result of [14] (see also [27\ 
Theorem 8.6]). 

Theorem 6.10. Assume that A is a UHF algebra. There exist bijective correspondences 
between the following three sets. 

(1) Cocycle conjugacy classes of strongly outer cocycle actions of Z 2 on A. 

(2) OrderExt(K (A),K (A),D A ). 

(3) Hom(K (A),M/K (A)). 

The correspondences are given by (a,u) t— >■ c(a,u) and (a, it) i— )■ p(c(a,u)). Furthermore, 
a strongly outer cocycle action (a, u) :Z 2 rx A is cocycle conjugate to a genuine action if 
and only if p(c(a, it))([l]) = 0. 

Proof. Since Da '■ Kq(A) — > Aff (T(A)) = R is injective, by Lemma [6-H the homomorphism 
p : OrderEx.t{K {A), K (A), D A ) -)■ Rom(K (A),R/K (A)) 
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is an isomorphism. By virtue of the theorem above, the correspondence from (1) to (2) is 
injective. Take r G Rom(K (A),R/lmD A ). Let f 6 K be such that r([l]) = t + ImD A . 
Define r' G Hom(K (A), R/ Im D A ) by 

r'(x) = r(x) — tD A (x) + lmD A 

so that ^'([l]) = 0. By |14|, Lemma 5.3] and the observation above, there exists a strongly 
outer action 7 : Z 2 rx A such that p(c(7, 1)) = r' . By Lemma 16.5} we have 

p(f}o((%)t %))( x ) = tD A{x) + r'(x) = r(x). 

Take a scalar valued 2-cocycle u : Z 2 x Z 2 — >• T C U (A) such that u = ex.p(2ir\/— It) (note 
that the 2-cohomology group i7 2 (Z 2 ,T) is isomorphic to T). Then p(c("f, u)) = r. Thus 
the correspondence from (1) to (2) is surjective. 

Let (a, u) : Z 2 rx A be a strongly outer cocycle action. Evidently, if (a, u) is cocycle 
conjugate to a genuine action, then p(c(a, it))([l]) = thanks to the theorem above and 
Remark 16.71 If p(c(a, u))([l]) = 0, then by [Til Lemma 5.3] and the observation above, 
there exists a strongly outer action 7 : Z 2 rx A such that 0(7, 1) = c(a, u). By using 
the theorem above again, we can conclude that (a, u) is cocycle conjugate to the genuine 
action 7. □ 

We will use the following lemma in the next subsection. 

Lemma 6.11. Let A be a UHF algebra and let <p be an automorphism of A such that ip n 
is not weakly inner for every n G N. For any c G OrderExt(-K"o(^4)) Kq(A), D a ), there 
exists ip G Autx(^4 x^Z) such that ryo(V') = c - 

Proof. From the theorem above, there exists a strongly outer cocycle action (a, u) : I? rx 
A such that c(a, u) = c. By |15i Theorem 1.3], we may assume that there exists w G U(A) 
such that a a = Adw a <p. Define an isomorphism 9 : A x aa Z — > A Z by = x for 
x £ A and 6>(A° a ) = wX? . Then floa t o is in Aut T (^4 x^ Z) and 

770(6* o <5fe o 6» _1 ) = r? (afe) = c(a, u) = c. 

□ 

6.3 Actions of the Klein bottle group on UHF algebras 

Throughout this subsection, we let r = (a,b I bab' 1 = a' 1 ). The group r is isomorphic 
to the fundamental group of the Klein bottle and is called the Klein bottle group. In this 
subsection, we will show that all strongly outer cocycle actions of T on a UHF algebra are 
cocycle conjugate to each other. 

First, we would like to show the existence of strongly outer, approximately repre- 
sentable T-actions on the Jiang-Su algebra Z. See Definition 12.91 for the definition of 
approximate represent ability. 

Lemma 6.12. There exists a homomorphism ir : T — > U(C([0, 1]) ® M2) such that ir(g) 
is not a scalar multiple of 1 for any g G T \ {1} and ir (g)(0) = 1 for all g G T. 
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Proof. Put 



u(t) 



exp Try— If 

exp(— 7r-v/— Ti) 



Let u : [0, 1] — >• M2 be a continuous path of unitaries such that 



«(0) 



1 
1 



v(l) 



1 

1 



One can define a homomorphism ir : T — > U(C([0, 1]) (8) M2) by 
'l *<l/2 



7r(a)(t) 



and vr(6)(t) 



u(2t) t < 1/2 
u(l) 1/2 <t. 



u(t- 1/2) 1/2 < t 

Clearly 7r(g) is not a scalar multiple of 1 for any g £ r\{l} and 7r(a)(0) = ir (b)(0) = 1. □ 

Proposition 6.13. There exists a strongly outer, approximately representable action a : 
T rx Z. In particular, for any unital Z-stable C* -algebra A, there exists a strongly outer, 
approximately representable action a : T rx A. 

Proof. Since the C*-algebra 

{/ g C([0, 1]) (8) M 2 I f(0) eC} 

is embeddable to Z, by the lemma above, there exists a homomorphism it : T — > U(Z) 
such that Ad7r(g r ) 7^ id for all g £ T \ {1}. Define an action a of T on the infinite tensor 
product of Z by 

otg = (9)Advr( 5 ). 



□ 



feeN 



It is clear that a is strongly outer and approximately representable. 



The following is a Rohlin type theorem for T-actions on unital simple AF algebras. 
The proof is almost the same as [291 Theorem 3] and \2A\ Theorem 5.5]. 



Theorem 6.14. Let A be a unital simple AF algebra with finitely many extremal tracial 
states and let (a, u) : T rx A be a strongly outer cocycle action. Assume further that a r a 
and a s b are in Inn(^4) for some r,s £ N. Then for any m £ N, there exist projections 
e, / £ (Aoo) 00 - such that 



a 



m+l 



(/) = / 



and 



m—1 m 

j>i(e)+jy 6 (/) = i. 

j=0 



i=0 



Proof. For any e > 0, by Proposition 13.31 and Theorem 13.71 there exists an ({a, b},e)- 
invariant finite subset K C Y and a central sequence (e n ) n of projections in A such that 



lim \\a g (f n )a h (f n 
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for all g,h G K with g ^ h and 

lim max |r(/ n ) — = 0. 

n->oo r£T(A) 

In addition, by the proof of Lemma 13. II (4), we may assume that K is of the form 

{6V G T | < i < mi - 1, < j < m 2 - 1} 

for some mi,m2 G N. Since is approximately inner, when m\ is large enough, we can 
construct a central sequence of projections {f' n ) n in ^4 such that 

lim ||/4(/ n + a a (f n ) + ■■■ + «r _1 (/n)) - = 0, 

n— >oo 

«a(/n) ~ /n and T (/n) ~ m l T {fn) VtGT(A), 

by using the arguments in |15|. Lemma 3.1] (see also (29^ Lemma 6]). Consequently we 
obtain the following: for any m G N, there exists a central sequence of projections (e n ) n 
in A such that 

lim max |r(e n ) — m _1 | = 0, lim [|e n — a a (e n )|| = 

and 

lim ||e n a?(e n )|| = 

n— >oo 

for all j = 1, 2, ... , m—1. By using this instead of [24} Lemma 5.2], one can complete the 
proof in exactly the same way as that of |241 Theorem 5.5]. □ 

Next we would like to establish a T-action version of |24} Theorem 6.1] (or [S2 Theorem 
4.11]). We note that the idea of the proof is taken from [lOj . 

Theorem 6.15. Let A be a unital simple AF algebra with finitely many extremal tracial 
states and let if G Inn(A). For i = 1,2, assume that tpi G Aut(A Z) satisfies the 
following conditions. 

(1) if>i(A) = A and ^(A^)A^ G A. 

(2) ip n o (i/ji\A) m G Aut(A) is not weakly inner for each (n, m) G Z 2 \ {(0,0)}. 

(3) ipl\A is approximately inner for some r G N. 

Assume further that ^io^ 1 is asymptotically inner. Then there exists an approximately 
inner automorphism \i G AutT(^4 Z) and a unitary v G U(A) such that fi\A is also 
approximately inner and 

fj, o ipi o = Adv o 

Proof. We would like to apply the Evans-Kishimoto intertwining argument to ipi and 
ip2- It is easy to see that ipi o -f/^" 1 is i n Au.tf{A XI ^ Z). By Proposition 12.101 (1), (the 
Z-action generated by) 99 is asymptotically representable. Then [9, Theorem 4.8] implies 
that -01 oV^ 1 is T- asymptotically inner. For each i = 1,2, the cocycle action of V generated 
by 93 and ipi\A is strongly outer. It follows from the theorem above that we can find Rohlin 
projections for ipi in the fixed point algebra {A^)^ . Hence, with the help of \24:\ Lemma 
4.10] (or [26\ Lemma 3.3]), the (equivariant version of) Evans-Kishimoto intertwining 
argument shows the statement. □ 
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We are now ready to prove the uniqueness of strongly outer cocycle actions of the 
Klein bottle group on UHF algebras. 

Theorem 6.16. Let (ct,u) and (/3,v) be strongly outer cocycle actions of V on a UHF 
algebra A. Then (a, u) and (/?, v) are cocycle conjugate. 

Proof. Put u = u(b, a)u(a~ 1 , 6)*it(a _1 , a) and v = v(b, a)v(a~ 1 , b)*v(a~ 1 , a). Because 

u(\ aa )*a b (x)\ aa u* = Ad-u,(a^ 1 (a fo (x)) = a b (a a (x)) 

for x G A, the automorphism a b extends to a b G Aut(^4 x aQ Z) by letting a b (X aa ) = 
u(A a ")*. Likewise, we can extend [3 b to j3 b G Aut(A Xp a Z). By [15j Theorem 1.3], we 
may assume that there exists w G U(A) such that f3 a = Adwo a a . Define an isomorphism 
6 : Ax Pa Z-> Ax aa Zby 9(x) = x for x G A and 9(X^) = w\ aa . Then 6 o (3 b o o a^ 1 
is in Aut-r(^4 xi Qa Z). Since 

OrdevExt(Ko(A),Ko(A),D A ) ^ Hom(i^o(^),K/ImD A ) 

is divisible, there exists c G OrderExt(Ko(A) , Kq(A) , Da) such that 

-2c=^oftor 1 o5- 1 ). 

By Lemma 16.11} there exists ip G Autf(^4 xi Qa Z) such that fjo(i/j) = c - Then 

ijo(ip o o (3 b o 9~ l o o a^ 1 ) 

= fj (lp o 9 o f} h o 9' 1 o V 1 o (9 o 0" 1 or^So^o 6T 1 o a" 1 ) 

= fhW) + %(0 o p b o e- 1 ofioflo o e- 1 ) + ih(e o p b o 0- 1 o a- 1 ) 

= c + c + o /3 6 o <T 1 o a" 1 ) = 0, 
where we have used Lemma 16.61 Therefore, by Lemma 16.4} 

tj) o o fa o O^ 1 o t/)- 1 o a" 1 g Aut T (A x Qq Z) 

is asymptotically inner. It follows from the theorem above that there exist an approxi- 
mately inner automorphism /i G Autx(^4 x Qq Z) and a unitary t G U(A) such that 

{ioipo9oj3 b o O^ 1 o o = Adi o a b . (6-1) 

Let v = o ^ and let s = v(\ aa )(\ aa )* G U(A). One can deduce 

(v\A) o(3 b o {u\AY l = Adtoa b (6.2) 

and 

(u\A) o /3 a o {v\A)~ l = (Ad !/(«;)«) o a a . (6.3) 

Moreover, from (|6.1D . 

(i/oflo^o^o ^ _1 )(A aa ) = (1/0^0^0 0- 1 )(l/- 1 (a*)*° B ) 

= (i/ofloft)^- 1 ^*)^) 

= i/( / a 6 (i/- 1 (i/(u;)s)*)i;(A aa )W) 

= Adt(a fc Kw)s)>(w)(A Q "T(K'«)sr 
= Adt(a 6 (Ku/)s)>(?i)a a "V(w)s)*(A ao )* 
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is equal to 



Adi(a fe (A Q o)) = tiia~ (t*)(\ aa )* . 



Hence we can verify 

v{v) = tai ) (v(w)s)ua~ 1 (t*)a~ a 1 (u(w)s) . 
This, together with (16, 2ft . (j6.3|) . implies that (a,u) and (/3,v) are cocycle conjugate. □ 

Corollary 6.17. Any strongly outer cocycle action ofT on a UHF algebra A is approxi- 
mately representable. 

Proof. This immediately follows from the theorem above and Proposition 16.131 □ 

Remark 6.18. Let (a,u) : T r\ A be a strongly outer cocycle action on a UHF algebra 
A. By [271 Corollary 5.9], A X( Q)U ) T = (A x Qa Z) Xq, 6 Z is a unital simple AH algebra with 
real rank zero and slow dimension growth. By means of the Pimsner-Voiculescu exact 
sequence, we get 



Note that Ca(2) = oo if and only if A absorbs the UHF algebra of type 2°° tensorially. 

7 Actions of the Klein bottle group II 

Throughout this section, we let V denote the Klein bottle group (a, b \ bab' 1 = a -1 ). 
In this section we will prove that all strongly outer cocycle actions of T on the Jiang-Su 
algebra are cocycle conjugate to each other (Theorem IT. 12[) . 

7.1 Homotopy of unitaries 

In this subsection we establish Lemma [7. II and Lemma [7. 3\ which will be used in the next 
subsection to obtain certain cohomology vanishing type results. 

The following lemma is a variant of [24 \ Lemma 4.10] or [271 Lemma 6.3], and is 
essentially contained in the proof of [381 Theorem 5.3]. But we include a proof here for 
completeness. 

Lemma 7.1. Let B be a UHF algebra with a unique trace r and let ip be an automorphism 
of B such that ip n is not weakly inner for all n £ N. For any finite subset F C B and 
e > 0, there exist a finite subset G C B and 5 > such that the following holds. If 
x £ U (B) satisfies 



then we can find a continuous map z : [0, 1] — > U(B) such that z(0) = 1, z(l) = x, 





otherwise. 



\\[x,c]\\<5 VcGG, H^x) 



x\\ < 5, T(log(x(p(x*))) = 0, 



\\[z{t),c]\\ <e VcGF, \\<p(z(t)) -z(t)\\ < e Vie [0,1] and Lip(s) < 4. 



In addition, if F = 0, then G = is possible. 
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Proof. The case F = G = is contained in |27[ Lemma 8.1], and so we treat the general 
case here. Let (d n ) n be a sequence of natural numbers such that d n < an d 

B M dl ® M d2 ® M d3 ® . . . . 

We regard B n = M dx ® ■ ■ ■ ® Mrf n as a subalgebra of -B. Let y n G i? n n be a 

unitary whose spectrum is \ k = 1, 2, . . . , ci n }, where Cn = exp (2TTy/— l/d n ). Define an 
automorphism a of i? by a = lim n _-. 00 Ad(yi^2 • • • Vn)- Then o~ m is not weakly inner for 
all m G N. By [15] Theorem 1.3, 1.4], the Z-actions generated by cp and a are strongly 
cocycle conjugate. Hence it suffices to show the assertion for a. 

Suppose that we are given F C B and e > 0. Without loss of generality, we may 
assume that there exists n £ N such that F is contained in the unit ball of B n . Applying 
|14l Lemma 4.2] to e/2, we obtain a positive real number 5\ > 0. We may assume (5i is 
less than min{2,e}. Choose a finite subset G C B and 82 > so that if u € U(B) satisfies 
|| [it, c] || < 82 for all c G G, then there exists uq G U{B n i^J such that ||u — uo|| < <5i/4. 
Let <5 = min{5i/2, ^2}. 

Suppose that x G U{B) satisfies 

||[s,c][|<5 VcGG, ||a(a;) - x\\ < S, r(log(s<r(a;*))) = 0. 

By the choice of 5, we can find xq G -B n 5^ such that ||x — zo|| < 5j/4. We may assume 
that there exists m > n such that xq G -B m D -B^. Put y = yn+iUn+2 ■ ■ - Dm G B m n -B^. 
Then 

||[y,x ]|| = |k(x ) - soil < \W(x) -x\\ +S1/2 < S + Sx/2 < S x . 
Also, from ||x — Xq\\ < <5i/4 < 1/2 and ||x — cr(ar)|| < 5 < 1, one has 

T{log{x yx* y*)) = r(log(x <T(xo))) 

= T(log(X()X* XO-(x*)o-(xXq))) 
= T(log(x<7(x*))) = 0. 

It follows from [141 Lemma 4.2] that one can find a path of unitaries w : [0, 1] — > B m n B' n 
such that w(0) = 1, w(l) = xq, Lip(to) < ir + e and || [y, w(t)] \\ < e/2 for every t G [0, 1]. 
Note that yw(t)y* is equal to a(w(t)). Take a path of unitaries 11/ : [0, 1] — > B such that 
w'(0) = 1, w'(l) = xxq and Lip(u/) < <5i/4. Then the path z(t) = w'(t)w(t) meets the 
requirement. □ 

In order to prove Lemma 17.31 we need the following lemma. 

Lemma 7.2. Let C be a unital simple AT algebra with a unique trace r. Assume that 
Ki(C) is isomorphic to a non-zero subgroup of Q for each i = 0, 1. Let w G U{C) be such 
that [w] / 0. Suppose that (x n ) n is a central sequence of unitaries in C such that [x n ] = 
and T{\og{x n wx* n w*)) = for all sufficiently large n. Then there exists a central sequence 
{z n ) n of unitaries in C([0, 1],C) such that z n (0) = 1, z n (l) = x n and Lip(z n ) < 7 for all 
sufficiently large n. 

Proof. For almost commuting unitaries u,v in a unital C*-algebra A, we denote their 
Bott class by Bott(u, v) G Kq(A) ([TJ Section 1]). When A is a unital simple separable 
C*-algebra with tracial rank zero, by [2Q|, Theorem 3.6], we have 

r(Bott(n, v)) = -=r{log(vuv*u*)) Vr G T(A). 

2tt\/— 1 
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Let x G Cqq be the image of (x n ) n . Since the unitary x commutes with C, there exists a 
homomorphism ir : Co(T\{l})<g)C — > C°° such that 7r(/<g>c) = f(x)c for every / G Co(T\ 
{1}) and c G C. We regard Ki(ir) as homomorphisms from i^i_j(C) to Ki(C°°). Then 
i^i(-7r)([l]) = [x] = 0, because [x n ] = in K\{C) for all sufficiently large n. Also, one has 
Kq{it)([w\) = Bott(w,x) = 0, because r(Bott(u>, x n )) = (2tt^— l)~ 1 T(log{x n wx* n w*)) = 
for all sufficiently large n and Kq{C) has no infinitesimal. As K{(C) is isomorphic to a 
non-zero subgroup of Q for each i = 0,1, we obtain Ki(ir) = and Kq{tt) = 0. Hence we 
have the following. 

• Let p G C be a projection. Then for all sufficiently large n, the i^i-class of x n p+ 1 —p 
is zero. 

• Let u G C be a unitary. Then for all sufficiently large n, Bott(u,x n ) equals zero. 

Once this is done, one can construct (z n ) n as follows. Let F C C be a finite subset 
and let e > 0. By applying [211 Corollary 17.9] (see also [251 Theorem 5.4]), we get a 
finite subset G C C, 5 > 0, a finite subset P of projections in C and a finite subset J7 of 
unitaries in C. Notice that we do not need to work with the entire -fT-group K_{C) of C, 
because Ki{C) are torsion free. For all sufficiently large n, 

|| [c, x n ] || < 5, [x n p + 1 — p] = and Bott(ti, x n ) = 

hold for all c €z G, p £ P and u £ U. It follows from [211 Corollary 17.9] that there exists 
a continuous map z n : [0, 1] — > U(C) such that z n (0) = 1, z n (l) = x n , Lip(z n ) < 2ir + e 
and || [c, £ n (i)]|| < £ for all c G F and t G [0, 1]. Since F and e were arbitrary, the proof is 
completed. □ 

Lemma 7.3. Let B be a UHF algebra with a unique trace t and let (a, u) : V rx B 
be a strongly outer cocycle action. Suppose that B absorbs the UHF algebra of type 2°° 
tensorially. For any finite subset F C B and e > 0, there exist a finite subset G C B and 
5 > such that the following holds. If x G U (B) satisfies 

\\[x,c]\\<8 Vc G G, \\a a (x) — x\\ < 5, \\ab(x) — x\\ < 5, r(log(xab(x*))) = 0, 

then we can find a continuous map z : [0, 1] — > U(B) such that z(0) = 1, z(l) = x, 
Lip(» < 7, 

\\[z(t),c]\\ < e, \\a a (z(t)) - z(t)\\ < e and \\a b (z(t)) - z(t)\\ < e 
for all c G F and t G [0, 1]. 

Proof. The proof is by contradiction. Assume that there exist a finite subset F C B and 
e > such that the assertion does not hold. Then we would have a central sequence (x n ) n 
of unitaries in B satisfying 

lim \\a„(x n ) - x n \\ =0 Vg G V and r(log(x n a fe (x* ))) = 0, 

n— >oo 

and such that there does not exist a unitary z G C([0, 1], B) as described in the statement. 

Let C = B X(q, iU ) T be the twisted crossed product C*-algebra. Since B absorbs the 
UHF algebra of type 2°°, by Remark 16. 18| C is a unital simple AT algebra with real rank 
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zero and K (C) ^ ifi(C) ^ X (B). Evidently [A°] is not zero in K X (C). We regard B 
as a subalgebra of C and think of r as the unique tracial state on C. Then the sequence 
(x n ) n consisting of unitaries in B is a central sequence in C such that [x n ] = in K\{C) 
and 

T(log(x n A£<(A£)*))) = r(log(x n a b «))) = 0. 

It follows from the lemma above that there exists a central sequence (z n ) n of unitaries in 
C([0, 1], C) such that z n (0) = 1, z n (l) = x n and Lip(z n ) < 7 for all sufficiently large n. By 
Corollary 16.171 (a,u) : T rx B is approximately representable. Therefore, in the same way 
as \26\ Lemma 3.3], we may further assume that z n (t) is in B for all n G N and t G [0, 1]. 
When n is sufficiently large, we have 

\\[z n (t),c]\\ < e, \\a a {z n {t)) - z n (t)\\ < e and |K(> n (t)) - z n (t)\\ < e 

for all c G -F and t G [0, 1], which is a contradiction. □ 

7.2 Cohomology vanishing 

In this subsection we prove Proposition 17. 7\ which is a cohomology vanishing type result 
for cocycle actions of T on Z. We also prove that all strongly outer actions of T on a 
certain UHF algebra are strongly cocycle conjugate (Theorem 17. 9|) . 

Lemma 7.4. Let (a, u) : V rx B be a strongly outer cocycle action on a UHF algebra B 
with a unique trace t. For any finite subset F C B and e > 0, there exist a finite subset 
G C B and 5 > such that the following holds. If x G U (B) satisfies 

||[a?,c]|| < tf VcGG, \\a a (x) - x\\ < 5, r(log(xa a (x*))) = 0, 

then there exists y G U{B) such that 

||[y,c]||<£ Vc G F, \\a a (y) - y\\ < e and \\x - ya b (y*)\\ < e. 

In addition, if F = and u(g, h) = 1 for all g,h G T, then G = is possible. 

Proof. The proof is by contradiction. Assume that there exist a finite subset F C B and 
e > such that the assertion does not hold. Then we would have a central sequence 
(x n ) n of unitaries in B satisfying a a (x n ) — x n — > as n — > oo and T(log(x n a a (x* ))) = 0, 
and such that there does not exist a unitary y G B as described in the statement. Let 
x G U ((B OQ ) aa ) be the image of {x n ) n . Choose m G N so that 4/m < e. Define Xj jn G C/ (-B) 
for i = 0, 1,2, . . . by xo, n = 1 and Xj + i >n = x n afc(xj jn ). It is easy to see that (xi^ n ) n is also 
a central sequence and a a (xi^ n ) — Xj >n — > as n — > oo. Put -u = a)n(a _1 , 6)*u(a~ 1 , a) 
(we need it(a -1 ,a) because a a -i is not necessarily equal to a" 1 ). For each i, when n is 
sufficiently large, 

r(log(x i+ i in a a (x* +ln ))) 

= T(\og{x n a b {x i>n )a a (a b (x* n )x* n ))) 

= T(\og(a b (x^ n )a a {a b {x* n )))) + r(log(a a «)x n )) 

= T(\og(u*a b {a a {x i>n ))ua b {x* n ))) 

= T(\og(u*a b (a a {x i>n ))a b (x* n )u)) + T(\og(u* a b {xi, n )ua b {x* n ))) 
= r(log(a a (xi in )x* n )), 
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where the last equality follows since (aj(ij n )) n is central and u is homotopic to 1. There- 
fore, for each i, we have T(log(xi jn a a (x* n ))) = for all sufficiently large n. 

Let Xi G U((B oc ) aa ) be the image of (xj in ) n . By Lemma \7.l\ there exist paths of 
unitaries z , z\ G C([0, 1], (.Boo)" 11 ) such that z (l) = zi(l) = 1, z (0) = x m , zi(0) = x m+ i, 
Lip(z ) < 4 and Lip^) < 4. By Theorem 16.141 there exist projections e, / G (B 00 ) cta 
such that 

ar(e) = e, = f 

and 

TO— 1 m 

We may further assume that the projections e, / commute with {a^(xi), zo(t), z\(t) \ k G 
1,i G N,t G [0, 1]}. Define a unitary y G (.Boc) Qa by 

m— 1 m 

y = ^ Xi^(z (Vm))a J b (e) + ^a^ag(*i(j/(m+l)))aj(/). 
i=o i=o 

It is easy to check \\x — ya&(y*)|| < 4/m < e. This is a contradiction. 

We consider the case F = and 11(5, /i) = 1 for all g,h £ T. In this case we would 
have a unitary x in (B°°) aa , and u defined above is equal to 1. By replacing (B O0 ) 0la with 
(5°°)°°, the same proof works. □ 

Lemma 7.5. Let B be a UHF algebra of infinite type with a unique trace r and let 
(a, u) : r r\ B be a strongly outer cocycle action. For any finite subset F C B , e > and 
r G t(Kq(B)) with \r\ < 1/2, there exists z G U{B) such that 

||[z,c]||<e VcGF, \\z - a a (z)\\ < e, \\z - a b (z)\\ < | e 27rv/3Tr - 1| + e 

and 

T(\og(zab(z*))) = 2ir\/—lr. 

Proof. Suppose that we are given r G t(Kq(B)) with |r| < 1/2. Let a = lim Ad(yiy2 • • • Vn) 
be the automorphism of B = M& x ® M^ 2 (8) M^ 3 (8) . . . constructed in the proof of Lemma 
17.11 Since B is of infinite type, we may further impose the condition that d n divides d n+ \. 
We regard Md n as a subalgebra of B. When n is sufficiently large, there exists a unitary 
z n G Md„ such that z n y n z*?/* = e 2lT ^~^ T . Hence we have r^og^cr^*))) = 2tt\/— lr and 
H^n — cr ( 2; n)|| = \e 2 ' E ^~^ T — 1|. Moreover (z n ) n is a central sequence in B. 

Take a strongly outer action 7 : T rx Z. Define /3 : T r\ Z ® £? by /3 a = 7 a <8> id and 
fib = lb® 0-. Set 24 = 1 ® z n G i? <8> -B- It is clear that (z' n ) n is a central sequence in Z B 
satisfying z' n = (3 a (z' n ), \\z' n - = le 2 -^ _ l| an d r(log«A,«)*)) = 27r v / ^Tr. 

Let (a, u) : T a 2 ® B be a strongly outer cocycle action. By Theorem 16.161 (a, u) 
is cocycle conjugate to /?. Thus, there exist 6 G Aut(J? (g) B) and a family of unitaries 
(wg)gEr va. Z ® B such that 

9 o a g o 6~ l = Ad w s o (3 g \jg g T. 
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Put z'n = 6 1 (z' n ). Then {z'//) n is again a central sequence in Z ® B. It is straightforward 

to see 

Um||4-a a «)||=0 and lim ||< - a 6 «)|| = \e 2 ^ r - 1|. 

n— »oo n— >oo 

In addition, for sufficiently large n, 

r(log(4a 6 (4)*)) = T(log(z' nWb p b (z' n ywt)) = T(log(z' n f3 b (z' n )*)) = 2vr^r, 

because (z' n ) n is central and w b is homotopic to 1. The proof is completed. □ 

Lemma 7.6. Let (a, u) : V rx B be a strongly outer cocycle action on a UHF algebra B 
of infinite type with a unique trace t. For any finite subset F C B and e > 0, there exist 
a finite subset G C B and 5 > such that the following holds. If x E U(B) satisfies 

||[x,c]||<5 VcGG, \\a a (x) - x\\ < 5, r(log(xa a (x*))) = 0, A T (x) = 

then there exists y G U (B) such that 

||[y,c]||<£ VceF, \\a a (y) - y\\ < e, \\x - ya b (y*)\\ < e 

and 

r(log(y*xa b (y))) = 0. 

Proof. Suppose that we are given F C B and e > 0. By applying Lemma 17.41 to F and 
e/2, we obtain a finite subset G C B and 5 > 0. We would like to show that G and 5 meet 
the requirement. For x as in the statement of the lemma, there exists y G U(B) such that 

\\[y,c}\\ < e/2 VcGF, \\a a (y) - y\\ < e/2 and [|a? - j/o%(y*)|| < e/2. 

Set 

i 

=r(log(y*xa fe (y))). 



27TV-1 

Then _ 

\e 2 ^ r -l\ < \\x-ya b (y*)\\ < e/2. 

From A T (x) = 0, one also obtains r G t(Kq(B)). By using the lemma above, we can find 
a unitary z £ B such that 

||[z,e]|| <e/2 VcGF, ||z - a a (z)|| < e/2, ||z - a b (z)\\ < |e 2w ^ 3Tr - 1| + e/2 

and 

T(log(za b (z*))) = 2-7r\/^Ir. 

Then 

r(\og(z*y*xa b (yz))) = T(log(y*xa b (y))) + T{\og(a b (z)z*)) = 0. 
Thus yz does the job. □ 

The following is a cohomology vanishing type result for cocycle actions of the Klein 
bottle group T on the Jiang-Su algebra Z. We will use this proposition in the next 
subsection to prove the uniqueness of strongly outer cocycle actions of T on 2. In the 
proof, Corollary 14.111 plays a central role. We remark that the basic idea of the proof is 
the same as that of [27l Lemma 7.5, 7.6] or [38l Theorem 5.3]. 
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Proposition 7.7. Let (a, it) :T rx Z be a strongly outer cocycle action and let r denote 
the unique trace on Z. For any finite subset F C Z and e > ; there exist a finite subset 
G C Z and 5 > such that the following holds. If x G U(Z) satisfies 

||[x,c]||<5 Vc G G, \\a a (x) - x\\ < 5, A T (x) = 

then there exists y G U (Z) such that 

\\[y,c]\\<£ Vc G F, \\a a (y) - y\\ < e and \\x - ya b (y*)\\ < e. 

Proof. According to [36] Proposition 3.3], the Jiang-Su algebra Z contains a unital subal- 
gebra isomorphic to 



where Bq and B\ are the UHF algebras of type 2°° and 3°°, respectively. We identify Bq 
and B\ with Bq ® C and C ® B\ . Set B = Bq® B\ and denote the unique trace on 2®5 
by r. Clearly (a ® id, u ® 1) : T rx Z ® Bj and (a (8) id, u ® 1) :rr\Z®B are strongly 
outer. 

Suppose that we are given a finite subset F C Z and e > 0. By applying Lemma [731 to 
(a®id, «®1) : T r> Z®B, {c®l | c G B} and e/2, we obtain a finite subset Gi C Z®B and 
<5i > 0. By taking a smaller <5i, we may assume that there exist finite subsets G'-y C Z®C, 
G\fl cC®Bo and Gi t i C C ® B\ such that Gi = G\ U Gi 5 o U and that S\ is smaller 
than e. For each j = 0, 1, by applying Lemma 17.61 to (a ® id, u ® 1) : T ^> Z ® Bj, 
G^ U Gij U {c® 1 | c G F} and Si/2, we obtain a finite subset Gij C Z ® Bj and <52,j > 0. 
We may assume that G2J is contained in {c ® 1 | c G G3J} U {1 ® d | d G B,} for some 
finite subsets G3J C Z. Let G = G3 t o U G% } \ and 5 = min{<52,0) $2,1, 2}. 

Suppose that we are given a unitary x G Z satisfying 



Z = {/ G G([0, 1], B ® ^i) I /(0) G B ® C, /(l) G C ® Bi} 



||[x,c]||<£ VcGG, 



a a (x) — x\\ < 5, A T (x) = 0. 



For each j = 0, 1, we have 



|| [ac <S> X, c] || < S 2 ,j 



Vc G G 2 j, ||(a Q ® id)(x® 1) -x® 1|| < 5 2 j 



and 



A r (x® 1) = 0. 



Since t(Kq(Z)) equals Z, we also have 



r(log((x ® l)((a ® id)(x ® 1))*)) = 0. 



Then Lemma 17.61 implies that there exists yj G f7(-E ® Bj) such that 

||[l/i,c]|| < Vc G G; U Gij U {c ® 1 | c G F}, ||(a ® id)(^) - ^|| < <5i/2, 

||x® 1 -I0-(a%®id)(yj)|| < S x /2 and r(log(y*(x ® l)(a 6 ® id)(jfc))) = 0. 
Put y = y^yi G Z ® B . Then one can verify 



||[y,c]|| <<*i VcGGi 



||(a a ® id)(y) — z/ll < Si 



||(a 6 ®id)(y)-y|| < <5i 
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and 



r(log(y(a6®id)(y*))) 
= T"(log(yoyi(afe <8 id)(ytyo))) 
= T(log(yi(a 6 ® id)(y*^ )yo)) 
= r(log((x ® l)*yi(o* (8) id)(y* iyo )y* (x (8 1))) 
= r(log((x ® l)*2/i(a 6 (8) id)(y*))) + r(log((a 6 (8 id)(y )y5(x ® 1))) 
= 0. 

It follows from Lemma 17.31 that there exists a continuous map z : [0, 1] — > U(Z <8> B) such 
that z(0) = 1, 2(1) = y, 

|| [z(t),c 1] || <e/2, ||(a«®id)(*(t))-z(*)|| < e/2 

and 

||(a 6 ®id)(*(t))-*(t)|| <e/2 

for all c G F and t G [0, 1]. Let w(t) = yoz(t). Then one may think of w as a unitary in 
Z ® Z d Z ® Z because w(j) = yj belongs to Z (8 -Bj for each j = 0, 1. Furthermore, 

||[iu,c<8) 1]|| < e VcG-F, II (a a (8 id) (to) - w\\ < e 

and 

||x (8 1 — to(a& (8 id) (to*) || < e. 

By Corollary 14.111 there exists a unital embedding of Z into (Zoo) . Hence we can 
find a unital homomorphism ir : Z (8 Z — > Z°° such that 

7r(c (8 1) = c Vc G Z, a g o tt = -it o (a g (8 id) V<? G T. 

Consequently, we obtain 

||[7r(to),c]|| < £ VcGF, ||a (7r(to)) -7r(to)|| < £ 

and 

||x — 7r(to)o;fe(7r(to)*)|| < £, 

thereby completing the proof. □ 

As a byproduct of Lemma EH we get the following. 

Proposition 7.8. Let a :T rx B be a strongly outer action on a UHF algebra B with a 
unique trace t. For an a-cocycle (x g ) g ^r in B, the following conditions are equivalent. 

(1) A T (x a ) = 0. 

(2) There exists a sequence (w n ) n of unitaries in B such that w n a g (w^ l ) — >■ x g as n — > oo 
for every g G T. 
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Proof. We show (2)=>(1). Suppose that there exists a unitary w G B such that \\x g — 
wa g {w*)\\ < 1 for each g = a, 6, a -1 . Let x' s = w*x g a g (w). Then (x^) 9 is also an q- 
cocycle, and so we have 

This, together with a/, = a~ 1 (x' a )*, implies 

r(logx' a ) = rOog^-i) = -r(logx' a ). 

Thus r(logx' Q ) = 0. Hence A T (x a ) = A T (x' a ) = 0. 

Let us consider the other implication. Take e > arbitrarily. By applying Lemma 17.41 
to a : T r> B with the empty set and e/3 in place of F and e, we obtain 5 > 0. Since the 
Z-action generated by ce a has the Rohlin property, there exists a unitary u € B such that 

\\x a — ua a (u*)\\ < min{5/4, e/3}. 

Put x' g = u*x g a g (u) for all g G I\ From x^a^a^) = a^a&fic^i), one obtains 

||a a (x / 6 ) - xj.ll < 5/2. 

Besides, 

r(log(a; / { ) Q! (a;j ) )*)) = r(log(x / a a a (x / b )a b (3; / a _ 1 )*a a (x / b )*)) 
= r(logx' a ) + r(log(a 6 (a4-i)*)) 
= 2r(logx' a ). 

By A T (x' a ) = A T (x a ) = 0, we have 

r = -^=r(logx / a ))GT(K ( J B)). 
Z7ry — 1 

It follows from |271 Lemma 8.3] that there exists a unitary v £ B such that 
||u -a (u)|| < min{5/4,e/3}, r(log(va (u*))) = 27r\^-Tr. 
Put x'g = v*x' g a g (v) for all g G T. Then one has 

||oa(4') - 4|| = ||a>V 6 a 6 (¥)) - uV b a 6 (u)|| < 5/4 + 5/2 + 5/4 = 5 

and 

r(log(x / fe / a a (x / b ')*)) = T{\og{v*x' b a b (v)a a (a h (v*))a a {x' b )*a a {v))) 

= T{\og{x' b a b (v)a a {a b {v*))a a {x' b )*)) + T(\og(a a {v)v*)) 
= r(log(va a -i («*))) + r(log(a (a;' 6 )V 6 )) + r(log(a («)v*)) 
= r(log(x / 6 a a (x / j ) )*)) - 47r\/ :i Tr 
= 0. 

Therefore, by Lemma 17.41 we can find a unitary w £ B such that 

||a„(u;) — w\\ < e/3 and ||x 6 — wa b (w*)\\ < e/3. 
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Consequently we get 

\\x a — uvwa a {w* v* u*)\\ = e/3 + e/3 + ||x a — ua a (it*)|| < e 

and 

— uvwab(w* v* u*)\\ = \\x'l — wab(w*)\\ < e/3. 
Since e was arbitrary, (2) has been shown. □ 

In the setting of the proposition above, the map g i— > A T (x g ) is a homomorphism 
from r to W/t(Kq(B)). Therefore we always have 2A T (x a ) = because of bab -1 = a . 
Moreover, if Kq(B) is 2-divisible (or equivalently, if B absorbs the UHF algebra of type 
2°° tensorially) , then we always have A T (x a ) = 0. 

Theorem 7.9. Let B be a UHF algebra. If B absorbs the UHF algebra of type 2°° 
tensorially or B does not contain a unital copy 0/M2, then all strongly outer actions of 
r on B are strongly cocycle conjugate. 

Proof. By Theorem I6.16| all strongly outer actions of V on B are cocycle conjugate. 
If B absorbs the UHF algebra of type 2°° tensorially, then the conclusion follows from 
Proposition 17.81 and the observation above. Suppose that B does not contain a unital copy 
of M 2 . Then {c E R/t(K (B)) | 2c = 0} is isomorphic to Z/2Z and 1/2 + t(K (B)) is 
the generator. Let a : T rx B be a strongly outer action and let (x g ) g be an o-cocycle in 
B such that A T (x a ) 7^ 0. By the observation above, A T (x a ) equals 1/2 + t(Kq(B)). For 
g = a n b m E T, set Q = ( — l) n € C C B. It is easy to see that (C g x g ) g is an a-cocycle 
satisfying Ad(C g x g ) = Adx g and A T (£ a x a ) = 0. Hence the conclusion follows. □ 

7.3 Actions of the Klein bottle group on the Jiang-Su algebra 

In this subsection we prove that all strongly outer cocycle actions of T on Z are mutually 
cocycle conjugate (Theorem 17. 12j) . We also show that all strongly outer actions of T on Z 
are strongly cocycle conjugate to each other (Theorem 17. 15j) . The following is an analogue 
of Theorem 16.151 for the Jiang-Su algebra. 

Proposition 7.10. Let ip £ Aut(Z). For i = 1,2, assume that ipi E Aut(Z x^Z) satisfies 
the following conditions. 

(1) Jpi(Z) = Z and ^(A^)A^ E Z. 

(2) tp n o {^i\Z) m E Aut(Z) is not weakly inner for each (n,m) 6 Z 2 \ {(0,0)}. 

Assume further that ipi o ip^ 1 is approximately inner. Then there exists an approximately 
inner automorphism fi E Autx(-Z Z) and a unitary v E U(Z) such that 

fj,oipio fi^ 1 = Adv o ■02- 

Proof. We denote the unique trace on Z by r. It is easy to see that ipi o ip^ 1 is hi 
Autj(Z XI ^ Z). By Proposition 12.101 (3), (the Z-action generated by) (p is asymptotically 
represent able. Then [SJ Theorem 4.8] implies that ipi oip^ 1 is T-approximately inner, that 
is, for any finite subset Fc^x^Z and e > 0, there exists a unitary x E Z such that 
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||^i(c) — xi/>2(c)x*\\ < e for all c £ F, and we may also assume A r (x) = by replacing x 
with its suitable scalar multiple. Moreover, for each % = 1, 2, the cocycle action of T on Z 
generated by tp and ipi\Z is strongly outer. Hence, by virtue of Proposition 17.71 we have 
the following for each i = 1,2: if a sequence (x n ) n of unitaries in Z is a central sequence 
in Z x^ Z and A T (x n ) = 0, then there exists a sequence (y n ) n of unitaries in Z such that 
{Vn)n is a central sequence in Z x^, Z and satisfies x n — yn^iiUn) — ^ as n — > oo. Then 
the Evans-Kishimoto intertwining argument shows the statement (see |17} Theorem 5.1] 
for example). □ 

Lemma 7.11. Let ip be an automorphism of Z such that <p n is not weakly inner for every 
n G N. Then an automorphism ip £ Autj(Z x^ Z) is approximately inner if and only if 
A T (ip(X' p )(X' /: ')*) = 0, where r denotes the tracial state on Z. 

Proof. Let A = Z Z. By Corollary 14.11} A is ^-stable. It is well-known that for any 
UHF algebra B, A®B = {Z®B) x^ijZ is a unital simple AT algebra with real rank zero 
(see [15, Theorem 1.3]). Therefore one can apply [25} Theorem 7.1] to automorphisms of 
A. 

Let tp £ Autx(-A). By the Pimsner-Voiculescu exact sequence, Kq{A) = K\(A) = Z. 
Clearly K {ip){[l}) = [1] and K^)^}) = [X?]. It follows that Ki(ip) is the identity for 
each i = 0, 1, and hence KL(ip) = KL(id). Let 0^ )id : K X (A) -> Aff(T(A))/ImL» A = K/Z 
be the homomorphism described in [25], Section 3]. Then, by definition, 0^,id([A </3 ]) is equal 
to A T ('0(A 1,c, )(A ¥3 )*), and so the conclusion follows from [25} Theorem 7.1]. □ 

Theorem 7.12. Let (a,u) and (j3,v) be strongly outer cocycle actions ofT on the Jiang-Su 
algebra Z. Then (ct,u) and (/3,v) are cocycle conjugate. 

Proof. Put u = u(b,a)u(a^ 1 ,b)*u(a^ 1 , a) and ii = v(b, a)v(a~ 1 , b)*v (a -1 , a). The auto- 
morphism «fe extends to ctj, G Aut(i? x aa Z) by letting db(A aa ) = ^(A"")*. Likewise, we 
can extend /3b to /?& G Aut(iJ x^ Z). By |381 Theorem 1.3], we may assume that there 
exists w G U{Z) such that /3 a = Ad u> o a a . Define an isomorphism # : iJ Z — > Z x aa 1i 
by 6{x) = x for x G Z and 0^) = wA Qa . Then ffofto^o d^ 1 is in Aut T (^ M aa Z). 
Let C £ C be such that |C| = 1 and 

A r (C 2 l) = A r ((0 o ft o o d- 1 )(A^)(A^)*). 

Define ip G Aut T (£ x Qo Z) by ^(x) = x for x £ Z and V(A a °) = CA Qa . Then 

(^o^o^o^o o ^ X )(A aa ) = C 2 (# ° A, o o a- 1 )(A°»), 

and so 

A t ((i/j o6op b o6- l o ^ l o a- 1 )(A a °)(A Qa )*) 
= A T (C 2 1) + A T ((0 o p h o o d^XA^XA^)*) 
= 0. 

It follows from the lemma above that if) o 6 o ft o o o d^ 1 is approximately inner. 
Therefore, Proposition 17. 101 applies to the automorphisms ^o#oft o# _1 o?/; _1 and and 
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yields an approximately inner automorphism \x G Autj(Z x« a Z) and a unitary t G U(Z) 
such that 

[i o ip o 9 o /3b o Q^ 1 o if;" 1 o / u _1 = Ad t o a;,. 

In the same way as the proof of Theorem 16.151 we can conclude that (a, u) and ((3, v) are 
cocycle conjugate. □ 

Corollary 7.13. Any strongly outer cocycle action of V on the Jiang-Su algebra Z is 
approximately representable. 

Proof. This immediately follows from the theorem above and Proposition 16.131 □ 

Finally, we would like to prove that all strongly outer actions of T on Z are mutually 
strongly cocycle conjugate (Theorem 17. 15j) . 

Proposition 7.14. Let a : T rx Z be a strongly outer action. For two a-cocycles (x g ) g 
and (y g )g in Z, the following conditions are equivalent. 

(1) A r (x g ) = A T (y g ) for all g 6 T, where r is the unique tracial state on Z. 

(2) There exists a sequence (w n ) n of unitaries in Z such that w n x g a g (w^) — > y g as 
n — > oo for every g G T. 

Proof. (2)=^(1) is obvious. We prove the other implication. 

Let a® : T rx Z® be the two-sided infinite tensor product of a : T rx Z, that is, 

z^ = (g)z, a® = (gK v ff er. 

z z 

First, we claim that the assertion holds for a®. Let {x g ) g be an a®-cocycle in Z® . Let 
C g G C C Z® be the unitary satisfying A T (x g ) = A T (Q). Then (Cg)g 1S clearly an a®- 
cocycle, and so it suffices to show that there exists a sequence (w n ) n of unitaries in Z such 
that w n x g a g (Wn) — > ( g as n — > oo. Note that g \- > ( g is a homomorphism. In particular, 

Ca = 1 Or ( a = -1. 

Take e > arbitrarily. Apply Proposition 17.71 to a® : Y rx Z® with the empty set and 
e/2 in place of F and e > to obtain a finite subset G C Z® and 5 > 0. By |38|, Theorem 
5.3], there exists a unitary y G Z® such that 

\\(- 1 x a -y*af(y)\\<mm{6/2,e/2}, 

and hence 

\\yx a a®(y*)-Ca\\ < mm{5/2, e/2}. 
From x a a® (x a -i) = 1, it is easy to see 

Wyxa-ia^iy*) - C 1 !! < mm{5/2,e/2}. 

Therefore, defining an a®-cocycle (x') g by x' g = yx g a®(y*) for g G T, one gets 

ll«a 04) - 411 = IIC«af 0«4) - C^'J < lka«?(4) - z'&ofVa-OII + 5 = 
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Let a G Aut(2®) be the shift automorphism. Then we have a o a® = a® o a for any g G T 
and [o~ n (s), t] — )■ as n — > oo for any s, t G iJ® . Choose n G N so that 

||[a n 04),c]|| < <5 Vc g G. 

Evidently \\af {a n {x' b )) - a n (x' b )\\ = \\a n (a® (x' b )) - a n {x' b )\\ < 5. It follows from Lemma 
17.71 that there exists z G U{Z®) such that 

[|a?(s) - *|| < e/2 and W^ 1 o n (x' b ) - z*af(z)\\ < e/2. 

Put w = o~~ n (z)y. Then we obtain 

\\wx a a$(w*) - Call = \\a- n (z)x' a a®(a- n (z*)) - ( a \\ 

= \\a- n (z)x' a a- n (a®(z*))-{ a \\ 
<\\a- n (z)a~ n (a®(z*))-l\\+e/2 

< e 

and 

\\wx b af(w*) - Cb\\ = \\a- n (z)x> b af(a- n (z*)) - ( b \\ 
= \\za n (x> b )af(z*)-{ b \\ 
< e/2. 

Since e > was arbitrary, the proof of the claim is completed. 

Now we consider a-cocycles (x g ) g and (y g ) g in Z satisfying A T (x g ) = A T (y g ) for all 
g G r. By Theorem 17. 12\ a is cocycle conjugate to a®. Thus, there exist an isomorphism 
6 : Z — > Z® and an a®-cocycle {u g ) g in Z® such that 

Qoa g oQ- x = k&u g oa® v 5 gt. 

Then (9(x g )u g ) g and {0{Vg)u g ) g are a®-cocycles satisfying A T {9(x g )u g ) = A T (8(y g )u g ). 
By the claim above, we can find a sequence (w n ) n of unitaries in Z® such that 

w n Q{x g )u g a®(w* n ) ->■ 0(y g )u g Vg G T, 

and whence 

_1 (t(; n )x o a o (6'" 1 (t(;*)) = 9~ l {w n )x g 9~ 1 (u g a® (w* n )u* g ) 

= e^ 1 {w n 6{x g )u g a®{w* n )u* g ) 

-> % 

for all ^ G T as desired. □ 

Theorem 7.15. ^ny too strongly outer actions a :T rx Z and j3 :T rx Z are strongly 
cocycle conjugate. 
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Proof. By Theorem l7.12l a and /3 are cocycle conjugate, that is, there exist an isomorphism 
9 : Z —7- Z and a /3-cocycle (ic fl ) fl in Z such that 

floapofl- 1 = Adx g o/3 g Vg£T. 

As in the proof of the proposition above, let ( 9 G C C 2 be the unitary satisfying 
A T (x g ) = A T (( g ). Then ((g 1 x g ) g is also a /3-cocycle. Hence, by replacing x g with Q~ l x g , 
we may assume A T (x 9 ) = 0. It follows from the proposition above that there exists (w n ) n 
in U (Z) such that w n f3 g {w^ l ) — > x g as n — > oo for all g G T, which implies that a is strongly 
cocycle conjugate to /3. □ 
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